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Abstract. In upcoming papers by Conrey, Farmer and Zirnbauer there appear conjectural for- 
mulas for averages, over a family, of ratios of products of shifted //-functions. In this paper we will 
present various applications of these ratios conjectures to a wide variety of problems that are of 
interest in number theory, such as lower order terms in the zero statistics of /-functions, mollified 
moments of /-functions and discrete averages over zeros of the Riemann zeta function. In partic- 
ular, using the ratios conjectures we easily derive the answers to a number of notoriously difficult 
computations. 
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1. Introduction 

Applications of random matrix theory in number theory began with Montgomery's pair corre- 
lation conjecture [36]. In this paper Montgomery conjectured that, in the limit for large height 
up the critical line, any local statistic of the zeros of the Riemann zeta function is given by the 
corresponding statistic for eigenvalues from the GUE ensemble of random matrix theory [34]. A 
local statistic is one that involves only correlations between zeros separated on a scale of a few 
mean spacings. Odlyzko checked the statistics numerically for the pair correlation and the nearest 
neighbour spacing distribution and found spectacular agreement [37]. At leading order the zero 
statistics and eigenvalues statistics are identical; asymptotically no factors of an arithmetical nature 
appear. However, it is clear that arithmetical contributions play a role in lower order terms, and 
Bogomolny and Keating [3] identified these in the case of the pair correlation function. 

Katz and Sarnak [27] proposed that local statistics of zeros of families of L-functions could be 
modelled by the eigenvalues of matrices from the classical compact groups with Haar measure. 
In this way each family of L-functions is believed to have a symmetry type: unitary, symplectic 
or orthogonal. Iwaniec, Luo and Sarnak [24] calculated the leading asymptotics for the one-level 
densities (using test functions whose Fourier transforms have limited support) for families of L- 
functions with each symmetry type and found agreement with random matrix theory. Again these 
leading terms had no arithmetic part. 

More recently, random matrix theory has been applied to the moments of L-functions averaged 
over a family. These are global, rather than local, statistics. A characteristic feature of a global 
statistic is that an arithmetic factor appears in the leading order term. In the original papers 
[29,30] the leading term was a product of the corresponding moment of a characteristic polynomial 
from random matrix theory and a seemingly independent Euler product. 

Often in random matrix theory one can calculate such global statistics exactly for any finite 
matrix size N. In particular, when evaluating moments of characteristic polynomials one obtains 
an exact asymptotic expansion in N as N — ► oo. We now understand conjecturally the analogue for 
moments of L-functions and in particular how the arithmetic and random matrix factors interact 
in the lower order terms. For any family of L-functions we can conjecture [10] an asymptotic 
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expansion for any moment which we believe is accurate essentially to the square root of the size of 
the family. 

A natural way to generalize these moment formulae is to consider averages of ratios of products 
of L-functions or characteristic polynomials. In two forthcoming papers [11,12] there appear conjec- 
tural formulas for averages, over a family, of ratios of products of shifted L-functions. Those papers 
contain several applications of these conjectures, as well as theorems proving the random matrix 
analogues of these conjectures. In [13] and [5], different proofs of the random matrix theorems are 
given, although not for the full range of the main parameter, the dimension of the matrix. 

The point is that these ratios conjectures are useful for calculating both local and global statistics. 
In fact quoting from [4] "The averages of products and ratios of characteristic polynomials are more 
fundamental characteristics of random matrix models than the correlation functions." We would 
argue the same can be said for L-functions. From the ratios conjectures not only can you obtain all 
n-level correlations, but also essentially any local or global statistic. An important feature on the 
number theory side is that this includes all lower order terms, in particular it shows the arithmetic 
contribution present in local statistics. 

In this paper we will present various applications of these ratios conjectures. In Section [2] we give 
the precise statement and sketch the derivations of some examples of the ratios conjecture for each 
of the three symmetry types: unitary, symplectic and orthogonal. These examples, which have one 
or two L-functions in the numerator and denominator, cover most of the cases that we need in 
the applications in this paper, but the conjectures are more general in that they can involve any 
number of L-functions [11]. Theorem 12.71 and 12. 101 give auxiliary formulae useful in calculating the 
most basic local statistic, the one- level density. In Section [3] we then show how the ratios conjecture 
can be used to compute the one-level density of the simplest family of L-functions with symplectic 
symmetry, namely Dirichlet L-functions with real quadratic characters. We state a similar result 
for the orthogonal family associated with quadratic twists of the Ramanujan r-function. In the 
following section we consider lower order terms in the pair correlation of the zeros of the Riemann 
zeta-function. As mentioned above, Bogomolny and Keating were the first to find these lower order 
terms; their heuristic method involved a careful analysis of the Hardy-Littlewood conjectures for 
prime pairs. The strength of our method is that it allows us to avoid such detailed considerations. 

The next two sections consider averages of mollified L-functions. Mollifiers are used to obtain 
information about small values of L-functions, in particular zeros. Mollifiers were first introduced 
in the context of the Riemann zeta function to bound the number of zeros in a vertical strip to the 
right of the half-line (i.e. zero density results). Subsequently Selberg, and then Levinson, obtained 
lower bounds for the proportion of zeros satisfying the Riemann Hypothesis by mollifying zeta in 
the neighbourhood of the critical line. Recent uses have focused on obtaining non-vanishing results 
at the central point for families of L-functions. All of these results involve complicated analysis, 
for example Levinson's asymptotic evaluation of the mollified second moment of zeta takes nearly 
fifty pages. Before embarking on such a calculation it would be useful to know ahead of time what 
the answer is. In Section [5] we show how to obtain these answers quickly. For each of the families 
that we've introduced we calculate the mollified second moment of arbitrary linear combinations 
of derivatives and reveal the simple structure of the result. In all cases where these have been 
rigourously calculated (only accomplished when the mollifier is sufficiently short), these results are 
in agreement. In Section [6] we show how to mollify any moment of the Riemann zeta function and 
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give detailed expressions in the case of the fourth moment; none of these, apart from the second 
moment, have been calculated without using the ratios conjecture. It is interesting to note that 
unlike other averages considered in this paper, there does not seem to be a random matrix analogue 
of mollifying as there is nothing that naturally corresponds to a partial Dirichlet series. 

Another kind of average which gives useful information about the distribution of zeros is a 
discrete moment summing the zeta function, or its derivatives, at or near the zeros. In Section [7] 
we consider moments of |C'0°)| an d |C(p + a )\- Using the ratios conjecture we show how to obtain 
all of the lower-order terms for these averages. While the leading order terms had previously been 
conjectured or proved, it was not known how to obtain these lower order terms. 

In Section [8] we show how to use the ratios conjecture to reproduce the asymptotic formulae used 
to obtain non-vanishing results for various families. In addition we sketch how one should go about 
proving that the proportion of non- vanishing for the kth derivative L^ k \l/2,x) approaches 100% 
as k —* oo for the family of all Dirichlet L-functions; by contrast, in [35] a convincing argument is 
made that one can't do better than 2/3 non-vanishing for A^ fc ^(l/2,x), where A is the completed 
L-function, without mollifying a higher power than the second. 

In short, there are a number of difficult computations which the ratios conjectures simplify 
significantly. A few of these computations have the property that they could be made into theorems 
by proceeding alternatively; some are purely conjectural. However, even for those that could be 
proved by other methods, knowing the answer ahead of time is useful as a guide along the way, a 
check at the end and even in deciding whether to commence what could be a painful calculation. 

Throughout this paper we assume the Riemann Hypothesis for all the L-functions that arise. 



2. Ratios conjectures 

2.1. A unitary example. An example of a basic conjecture for the zeta-function follows. This 
was the example that Farmer first considered when formulating his initial conjecture about averages 
of ratios of zeta functions with shifts. With s = 1/2 + it, let 

(2- 1 ) R({a,P,l,o) := — — ■ — — —p- at. 

Jo C(s + 7)C(1 - s + <>) 

Farmer [16] conjectured that for a, (3,7,8 « 1/logT, 

(a + /?)(7 + 5) (a + /3)(7 + <5) 

as T — > oo, provided that 3?7, > 0. Our ratios conjecture gives us a recipe for computing a more 
precise conjecture for R^. 

Briefly, we use the approximate functional equation 
(2.3) CO) = ~I + x ( s ) "T=7 + remainder > 

n<X U n<Y n 
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where s = a + it, x( s ) = 2 s 7r s_1 sin(s7r/2)r(l — s) and XY = for the zeta functions in the 
numerator and ordinary Dirichlet series expansions for those in the denominator: 

(24) J__f-f4n L 

We only use the pieces which have the same number of %(s) as x(l — s) and we integrate term- 
by-term, retaining only the diagonal pieces. We then complete all of the sums that we arrive 
at. 

Thus, the term from the "first" part of the two approximate functional equations gives T times 

H(h)fj,(k) 



Yl m l/2+a n l/2+/3/ l l/2+ 7 /,l/2+5 
hm=kn 



<*■<» =n e 



H(p h )fi(p k 



p (l/2+a)m+(l/2+/3)rt+(l/2+7)/i+(l/2+<5)fc " 
p h+m=k+n 1 

The only possibilities for h and k here are and 1. Thus, we easily find that the right-hand sum 
above is 

[1 -pT+^+u) 



pl+/3+j pl+a+8 pl+j+8 ) ' 



thus, the product over primes is 

<07\ gi + a + p)qi+j + s) _ 

(2 ' 7) Cd + a + ^Kd + ^ + T)^'^' 7 '^ 

where 



(2.8) A c (a,/3, 7 ,<5)=n- 



p l+ 1 /3+7 ) pl+i+4 ) 



The other term comes from the second piece of each approximate functional equation and is similar 
to the first piece except that a is replaced by —(3 and (3 is replaced by —a. Also, because of the 
X-factors in the functional equation, we have an extra factor of 



(2.9) x(s + a ) x (i_ s + /3 ) = ( 1 + ° V | / 

Thus, the more precise ratios conjecture gives 
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Conjecture 2.1 (Conrey, Farmer and Zirnbauer [11]). With constraints on a, (3, 7 and 5 as de- 
scribed below at $2.11\) . we have 

n, R « [ T gs + a)((l-s + (3) 

Jo C(* + 7)C(1 - s + <5) 
f9lfn (7((l + a+f(l + T + i) fl « 



() v C(l + a + «5)C(l + /? + 7)' 

a-/3 



+ 1 ^J C (l ~ /? + tf)C(l - a + 7) CM ' ~°' 7 ' } J + ^ 
where is defined at \2.8\) . 



In the following sections we have similar conjecture for ratios of L-functions averaged over various 
families. In these families the L-functions are indexed by an integer d and we consider averages 
for d < X. In all of these examples we constrain the shifts as follows. For a a generic shift in the 
numerator (a and (3 in the above example) and 5 a generic shift in the denominator, we require 

(2.11a) - ~ < Ma < ~ 

(2.11b) — « m < \ 

logC 4 

(2.11c) Qa, 3?<5 < e C 1 ^ (for every e > 0) 

where C = T in the above example and C = X in the case of discrete families of L-functions. In 
conjectures that refer to these conditions the error terms are believed to be uniform in the above 
range of parameters. 

Remark 2.2. Equation I2.11b\) can be relaxed if for each shift in the denominator going to zero 
there is a corresponding shift in the numerator going to zero at the same rate. 

Remark 2.3. The bound of 1/4 on the absolute values of the real parts of the shifts are to prevent 
divergence of the Euler products that appear in the ratios conjectures. 

Remark 2.4. Because of the uniformity in the parameters a, /3, 7, 6 we can differentiate our con- 
jectural formulas with respect to these parameters and the results are valid with the same range and 
error terms. 

For obtaining lower order terms in pair correlation in Section 01 we need the following: 
Theorem 2.5. Assuming Conjecture \2.1\ we have 

(2.12) £ + a )^(l - s + (3) dt = £((Q (l + a + P)+ 



^) C(l + a + P)C(l-a-P)H 
' p 



(1- i) 2 

p K P> 



v 
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provided that <C 9?a, 9i/3 < |. 

This theorem follows from (|2,10p by differentiating with respect to a and (3 and setting 7 = 
and 5 = p. To perform this calculation, it is helpful to observe that A(a>, j3, a, (3) = 1. Also, when 
differentiating the second term on the right side of (|2.10p it is useful to observe that for a function 
f(z,w) which is analytic at (z,w) = (a, a), 



(2.13) d /(a ' 7) 



da C(l — a + 7) 



= -/(", a) 

7=a 



2.2. Symplectic examples. As a second example we consider the family of Dirichlet L-functions 
-^( s > Xd) associated with real, even, Dirichlet characters Xd- Let 

(0 ,a\ n ( n K\ ST L(l/2 + a,Xd)L(l/2 + (i, X d) 

( 2 - 14 ) R D {a,l3;-f,d) := > -, 

^ L(l/2 + 7, Xd)Ml/2 + 5, Xd) 

with the usual conditions (|2.1ip on the shifts a, (3, 7 and 5. Let us also consider the simpler example 

L(l/2 + a, X d) 



(2.15) ^ (a;7 ) := ^_i_ 



,, .. (1/2 + 7, Xa) 

As part of our recipe, we replace the L(s, Xd) in the numerator by approximate functional equation 

(2.16) H- 2 + *,x d ) = Y,^j^+[-) r(1/4 + a/2) 2:^7^ + remamdCT ' 

m<x x 7 v ' ' ' n<j/ 

where xy = d/(2n), and we replace the L(s,Xd) in the denominator by their infinite series: 
/ 017 n 1 _ K h )Xd(h) 

( } L ^)~h hs ' 

We consider each of the 2 A (if there are A factors in the numerator) pieces separately and average 
term-by-term within those pieces. We only retain the terms where we are averaging over squares; 
in other words we use the main part of the formula 



(2-18) £ Xd(n) = { 

d<X ^~ 



a(n)X* + small if n is a square 
small if n is not a square 



where X* = Yld<x 1 ^ s the number of fundamental discriminants below X and where 



(2.19) a(n) = J] 



P 



p+ 1 

After computing these 'diagonal' terms, we complete the sums by extending to infinity the ranges of 
the summation variables; we identify these terms as ratios of products of zeta functions multiplied 
by absolutely convergent Euler products. The sum of these expressions, one for each product of 
pieces of the approximate functional equations, forms our conjectural answer. 
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Proceeding to details, let us first consider the simpler example -Ro(a;7). We restrict attention 
to the 'first' piece of the approximate functional equation. Thus, we consider 

(2 20) V V K h )Xd(hm) 

^ ' Z^i Z^i / l l/2+ 7m l/2+a - 

d<X h,m 

Retaining only the terms for which hm is square, leads us to 

fi(h)a(hm) 



hm=U 11 m 

We express this sum as an Euler product (to "save" variables we now replace h by p h and m by 
p m ): 

to 22\ rr v(p h ) a (p h+m ) 

\ ' 11 p / l (l/2+7)+m(l/2+a) " 

p h+m * 
even 

The effect of jJ>{p h ) is to limit the choices for h to or 1. When h = we have 
a(p m ) p 1 p 1 1 

( 2 - 23 ) 2-j p rn(l/2 +a ) = 1 + —^l^ i ~Ml+2^) = 1 + {p + 1} p l + 2a (1 _ 1 j > 

even 

and when h = 1 there is a contribution of 

a{p m+1 ) p 1 1 



( 2 - 24 ) 



add ^ 



p l/2+ 7pm (l/2+a) " (p + !) p l+a+ 7 (1 _ _^_) ' 

Thus, the Euler product simplifies to 



C(l + a + 7) 11 V p l+a+ i J V (P + 1)P 1+2Q + l)p Q+7 

The product over primes is absolutely convergent as long as 3?a, K7 > —1/4. 
The other piece can be determined by recalling the functional equation 

/ , x fd\~ a r(l/4-a/2) , , 

(2.26) L(l/2 + a, X d) = (-J r (l/4 + a/2) L(1/2 " Xd) ' 

Thus, in total we expect that 

Conjecture 2.6 (Conrey, Farmer and Zirnbauer [11]). With constraints on a and 7 as described 
at $2.11]) . we have 

i^(V2 + 7,*0 ^VC(l + « + 7) 

^9 97^ ( ^V Q r(l/4-q/2) C(l-2a) , A , n(Y l/2+e, 

(2 - 27) + W r ( l/4 + a/2)C(l-a + 7) D( " a ' 7) + ° ( } ' 
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where 
(2.28) 



A D (a- 1 ) = H[l 



1 



l+a+7 



P 



1 



{P + l)p 1+2a (p + l)p a +"< J ' 



\- L>(l/2 + r, Xd ) d , 



d<X 



L(l/2 + r, X d) da 



ct=7=r 



For applications to the one-level density in the next section, we note that 
(2.29) 

Now 
(2.30) 

and 



d C(l + 2a) 
da C(l + a + 7) 



i4 D (a;7) 



o=7=r 



C'(l + 2r) 
C(l + 2r) 



A D (r;r) +A^(r;r) 



(2.31) 



_ci_ /d\ r(l/4-g/2) C(l-2a) 
da VrJ r(l/4 + a/2)C(l-a + 7) 

'dV r r(l/4-r/2) 



A D (-a;7) 



a=7=r 



vry r(l/4 + r/2) 



C(l-2r)Ajj(-r;r). 



Also, Ao( r ; r ) = 1) 

(2.32) A D (-r;r) = l[(l 

v ^ 

and 

(2.33) A' D {r;r)=Y J 



1 



(p + ljp 1 - 2 *" p + 1 
(p+l)b 1+2r -l)' 



1 

1 - - 

P 



Thus, the ratios conjecture implies (see Remark 12. 4ft : 
Theorem 2.7. Assuming Coniecture \2.6[ lo ^ x <C Sir < | and 3r <C e X 1_e we /iawe 



^ L'(l/2 + r, Xd ) 
^ x L(l/2 + r, Xd ) 



(2.34) 



E 



C'(l + 2r) 
C(l + 2r) 



+ ^(r;r) 



d\~ r r(l/4-r/2) 



Try T(l/4 + r/2; 



C(l - 2r)4o(-r;r 



+0(jfi/2+« 
where Ar,{a;^) is defined in |1 



Now we look at the case of two L-functions in the numerator and denominator. Here we will 
only work to keep the first main terms when the shifts a, j3, 7 and 5 are <C ^ x and X — » 00. We 
consider, from the first part of the functional equation for each of the L-functions, 

fi(h) p(k)xd(hkmn) 



(2.35) 



E E 

d<X h,k,m,n 



&l/2+<5 m l/2+a n l/2+/3 ' 
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Retaining only the terms for which hkmn is square, leads us to 

fi(h) fj,(k)a(hkmn) 



(2.36) X* 



h l/2+~/ k l/2+5 m l/2+a n l/2+f3 * 
hkmn=d 

We express this sum as an Euler product (to "save" variables we now replace h by p h , etc.) 

(iwi TT V Kp h )^p k Hp h+k+m+n ) 

^ > 11 2^ „fe(l/2+7)+fe(l/2+<5)+m(l/2+a)+r t (l/2+/3) • 

p h + k + m + n " 
even 

We analyze the inner sum by dividing it into the four cases according to h = 0, 1 and k = 0, 1; 
also it is helpful to note that Y^m+n x m y n = T , — — 1\ an d Y^m+n x m y n = Tl — Si^ — jr. It is 

^cven (1-X 2 )(1-J/ 2 ) ^ odd (l-:r 2 )(l-2/ 2 ) 

more complicated to write down the exact formula for this, complete with the arithmetic factor 
Az)(a, /?; 7, <5). This factor is asymptotically 1 for small values of the parameters. Since we are 
interested in the first main terms here we record that the relevant zeta factors in the expression 
above are 

C(l + 2a)C(l + 2/?)C(l + a + PKQ- + 7 + S) 
C(l + a + 7 )C(1 + a + 5)((1 + (3 + 7 )C(1 + /? + <f) 

(2.38) = (a + T ) t + ' ) ^ +7) if + ' ) + ^(1/logX). 

4a/3(a + /3)( 7 + 5) 

Thus we have, from the remaining parts of the functional equation: 

Conjecture 2.8 (Conrey, Farmer and Zirnbauer [11]). With a,/3,j,5 <C lo ^ x , we have 

J_ R {n n _ (<* + 7) (<* + *)(/? + 7) (/? + *) x - a (-a + l)(-a + 8)(f3 + 7 )((3 + 5) 
X* D{a ' Pn > 0) 4aP(a + /3)( 7 + 5) 4a/3(-a + /?)( 7 + 5) 

(2 39) X-P ( " + 7)( " + 8) ^~ f3 + 7)(-/? + J) - X- a - ( ~" + 7)( ~ Q + + 7)(-/3 + 6) 

{ ' j 4a/?(a-/?)( 7 + <5) 4a/?(a + /3)( 7 + «J) 

+0(1/ log X), 

as X — > oo. 

2.3. Orthogonal examples. As a third example, we consider the orthogonal family of quadratic 
twists of the L-function La associated with the unique weight 12 cusp form for the full modular 
group: 

(2.40, MvV^E^^f'-^^"' 

n=l P 

where T*(n) = r(n)/n n / 2 and r(n) is Ramanujan's tau-function. For d > 0, this has functional 
equation 



d 



s 



(2.41) U( 8 , X d) := T(s + 11/2)L A ( S , Xd) = £a(1 - s, 

Let 

fo/i<^ r / \ . \- L A (l/2 + q,Xd) 

(2 ' 42) flA(Q,7) 'Sw+S 
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and let 

(2.43) flA(a, ft 7, ■= E La(1/2 + T| Xd)LA{1/2 + ^ Xj) ■ 

As in the symplectic example we will calculate the full expression for Ra(ch]j) and only the 
leading main terms for R/± (oc,/3; 7, <5). 

Note that 

/„ 1 _ TT A _ ^*b)Xrf(p) Xd(p^) \ _ v> lW")Xd(") 

[ ] L A (s, Xd )-L}V p* + n° ■ 

To commence the calculation of Ra{o-]^) we replace each L-function in the numerator by the first 
half of the approximate functional equation 

(o ak\ t (Mo , \ ST Xd(m)T*(m) f d \ ~ 2a T(6 - a) ^ Xd(n)T*(n) . 
(2.45) L A (l/2 + a, Xd )=Y: ~ s + f^) E n i- + renuunder, 

where = d 2 /(2tt). We must then consider 

/ 9 AR x \ - \ - l^A(h)T*(m)xd(hm) 

(i<A /i,m 

which leads to 

(0A7 ^ ^* /j,A(h)T*(m)a(hm) 

{ '> 2^ ^l/2+ 7A .l/2+a 

/ira=D 

~ x * n f 1 1 p ^p^*^ 



P 4-l ^ D h(l/2+ 7 )+m(l/2+a) 

p x 1 h + m>0 1 



even 

„2\ 



We note that ^a(p) = —T*(p), ^a(p ) = 1> arid HA,{p m ) = for m > 2, so that the product over 
primes here is 

(2 ar) nfu^fv T * {p2m) _ T * {p) v ^(p 2m+1 ) + -J- v r *(p 2w ) ^ 

HI + „ i 1 I 2^ „m(l+2a) „l+a+7 ^ „m(l+2a) r>l+27 2^ „m(l+2a) ) )' 
V V F V m=l ^ F m=0 ^ F m=0 ^ 77 

We note that 

(2.49) Y j r\p 2m )x 2m = \ ^[l-T\p)x + x 2 ^j + (l + r*(p)x + x 2 ^j j 
and 

(2.50) Y^T*{p 2m+l )x 2m+1 = ^(l-T*{p)x + x 2 ^j - ( K l + T*{p)x + x 2 ^j j. 



The "polar" part of the product (|2.48p is ^jq^p^y; we can factor these terms out and be left with 
a convergent Euler product. However, we prefer at this point to factor out some other L-functions 
present here with values near the 1-line and to be left with an Euler product which is more rapidly 



12 J.B. CONREY AND N.C. SNAITH 

convergent. To this end, we recall the Rankin-Selberg convolution of La an d the symmetric square 
L- function associated with La- We can write the Euler product for La as 



where a p + a p = t* (p) and | =1. The Rankin-Selberg L-function 



is 



(2.52) L(r ® r, s) = £ = C(^A(sym 2 , a)^)" 1 , 

n=l 

where the symmetric square L-function is given by 

(2.53) Msym 2 , S ) = Il(l-^) 7l 



and is an entire function of s. As a Dirichlet series, we can write 



p 

pS 



T*(ri 2 ) 



n=l 



(2.54) L A (sym 2 , S ) =C(2s)- 1 ^ 

Thus, the product (12.481) can be expressed as 

Ott C(l + 2 7 )LA(sym 2 ,l + 2a) 

C(l + a + 7)LA(sym z , 1 + a + 7) 

where 



d / \ n/,, P ig) r*(p) f WV"*- 1 ) 1 f WV") \\ 

A ^ ' 11 ^ 1 ^ ^m(l+2a) pl+a+7 p?n(l+2a) ~*~ pl+2 7 pm(l+2a) y J 



(2.56) 



m=l ^ m=0 ' m=0 ' 

1 r > 2 ) I y V) 1 Vi 1 

1 r *(P 2 ) I . T .*(P 2 ) 1 1 

J- — p l + a + j + p i+y a + i 7 — p 3 + 3a + 3 7 M 1 ~ pi + a + J 



Note that B(r; r) = 1; this follows from the fact that r* (p 2m+1 )r* (p) = r*(p 2m+2 ) + r*(p 2m ). Thus, 
the ratios conjecture gives: 

Conjecture 2.9 (Conrey, Farmer and Zirnbauer [11]). With constraints on a and 7 as described 
at $2.11\) . we have 

„, , \- L A (l/2 + a,Xd) f C(l + 27)LA(sym 2 ,l + 2a) 

^ A(a;7) = gL A (l/2 + 7,X,) = ^ U(l + a + 7)^(symM + a + 7) i?A(a;7) 

r9 ^ /d\- 2a r(6-a) C(l + 27)L A (sym 2 ,l-2a) \ , n(xl/2+e , 

(2 - 57) + UJ r(6 + a) C (l - a + 7)Msym 2 , 1 - a + 7) l] ) + ° ( * } ' 

where L?a(ck, 7 ) is defined in \2. 56\) . 



For application to the one-level density, we note that 

L A (l/2 + r, xd) = d_ 
La(1/2 + r, Xd) da' 



/„ V- L A (l/2 + r, Xd) d 



d<X 



o=7=r 
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Now 



d C(l + 27)^A(sym 2 ,l + 2a) 
daC(l + a + 7)iA(sym 2 ,l + a + 7 ) MO ' 7J 

,2 



a=7=r 



(2.59) 
and 



C'(l + gr) L A (sym 2 ,l + 2r) 
C(l + 2r) L A (sym 2 , 1 + 2r) MT "' ^ 



ro fi m d ( d V r(6 ~ a) c(1 ± 2 ^) L A( s y m2 ^ 1 - 2 ») B r _„ lVI 

1 j da^y r(6 + a)C(l-a + 7 )L A (sym 2 ,l-a + 7) A 

d \ _2r r(6-r)C(l + 2r)L A (sym 2 ,l-2r) n . 

B A (-r;r). 



a=j=r 



2tt J T(6 + r) L A (sym 2 ,l 
Thus, the ratios conjecture implies: 



Theorem 2.10. Assuming Conjecture \2.9\, if lo ^ x <C 3ftr < | and 3r <C e X 1 e , then 

v L A (l/2 + r, Xd ) = v / _ C(l + 2r) L A (sym 2 , 1 + 2r) 
^L A a/2 + r,v^ f-<l m + 2r) + L A fsvm 2 l + 2r) + A[r ' r) 



, x L A (l/2 + r, Xd ) ^ V C(l + 2r) L A (sym 2 , 1 + 2r) 

where Z? A (a, 7 ) zs defined in 112.56)) . 

We now determine the main terms when a, (3,^,6 <C ^ ^ and X — > oo for the average over this 
family of the ratio i? A (a, /3; 7, 5) of two L-functions over two L-functions. We are quickly led to 
consider 

jU A (/t)jU A (fe)r* (m)r* (n)a(hkmn) 

' 2^ / l l/2+ 7 ^l/2+<5 m l/2+Q n l/2+/3 

/iimn=D 

When we go to Euler products, we find that this expression evaluates to 

,„ fi »x C(i + a + l)C(i + 2 7 )C(i + 7 + *)C(i + 28) 

2 - 63 7777 , — 7777 1 x\77~-\ j 5 j — wi , fl , fA a 'P ^'° ' 

C(l + a + 7)C(1 + a + o)C(l + P + 7)C(1 + P + <->) 

where ^4 is analytic if the real parts of a, (3, 7, S are smaller than 1/4 in absolute value; moreover 
j4 a (0, 0;0, 0) = 1. Thus, this part is 

Taking the symmetric sum of four of these terms, arising from the product of the approximate 
functional equations of the two L-functions in the numerator, we find that 
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Conjecture 2.11 (Conrey, Farmer and Zirbauer [11]). With a,(3,j,5 <C lo ^ x , we have 
(2.65) -* A (a,A 7 ,*) = ^ ^ L A (l/2 + 7 , Xd )L A (l/2 + S, Xd ) 

(a + /3)(2 7 )( 7 + <5)(25) 

-2a(-a + 7)(-« + «y)(^ + 7)(/9 + «y) 



+X 



(-a + /3)(2 7 )( 7 + <5)(25) 



_ 2/3 (a + 7 )(a + <5)(-/3 + 7 )(-/3 + 5) 



(a-/?)(2 7 )( 7 + <5)(2<5) 

X 



-2a-2/3 (-a + 7 )(-a + <?)(-/? + 7 )(-/3 + g) 



(a + /?)(2 7 )( 7 + <5)(2<5) 
+0(1/ log X), 



as X — > oo. 



3. One-level density 



In this section we use the ratios conjecture to compute the one- level density function for zeros 
of quadratic Dirichlet L-functions, complete with lower order terms. Ozliik and Snyder [38] have 
proven such results (assuming the generalized Riemann Hypothesis) for test functions / for which 
the support of / is limited. The ratios conjectures imply a result consistent with [38] but with no 
constraint on the support of the Fourier transform of the test function. 

For simplicity, we assume that: 

f(z) is holomorphic throughout the strip \$sz\ < 2, 
(3.1) is real on the real line and even, 

and that f(x) <C 1/(1 + x 2 ) as x — > oo. 

We consider 

(3-2) *(/)== EE /(7d), 

d<X 7d 

where 7( j denotes the ordinate of a generic zero of L(s, Xd) on the half-line (we are assuming that 
all of the complex zeros are on the 1/2-line). 

We have 

(3-3) Sl (f) = £ -L ( [ - f ) ^^-f(-i(s - 1/2)) efa, 

where (c) denotes a vertical line from c — ico to c + ioo and 3/4>c>l/2 + lo ^ x . The integral on 
the c-line is 

L'(l/2 + (c- 1/2 + it), Xd ) 



1 /"OO 

(3-4) -/ f(t -i(c- 1/2)) 



(/< x L(l/2 + (c- 1/2 + it), Xd ) 
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It follows by the Riemann Hypothesis that on the path of integration (c) 
(3-5) ^4«log 2 (| S |d). 

For \t\ > X l ~ e we estimate the integral using ()3.5[) and (|3.ip and the result is <C X e . By the ratios 
conjecture (|2.34p . if \t\ < the sum over d in (|3,4p is: 



-1/2+e 



r=c-l/2+it 



Since the quantity in (|3.6p is -C for |t| < and fit) <C we can extend the integration 

in t to infinity. Finally, since the integrand is regular at r = 0, we can move the path of integration 
to c = 1/2 and so obtain 

(3-7) -1 f /(i) £ fS? + 2 1 + 4><fcft) " (-Y r S V4 "^Cd - JNt^H*;^ * 
V ; 2Tt]_ J K VC(l + 2it) DV ' W r(l/4 + zi/2) SV ; DV 'V 

For the integral on the 1 — c line, we change variables, letting s — ► 1 — s, and we use the functional 
equation 

/ 3 8 ^ L^l - s,Xd) _ X'(s,Xd) _ L'(s,Xd) 

LQ--s,Xd) X(s,Xd) L(s,Xd) 

where 

(3- 9 ) v/„ ~ \ = - log 



X(s, X d) vr 2 T V 2 ; 2 r V2, 

The contribution from the L'/L term is now exactly as before, since / is even. Thus, we obtain 
Theorem 3.1. Assuming Conjecture \2. 6\ and f satisfying \3. we have 

(3.10) £ £ /( 7d ) = — / /(i) £ log - + o p (V4 + it/2) + 2 rr (1/4 - <t/2) + 

d<X 7d (2<A ^ 

/C'(l + 2ii) „, , , /d\~ a r(l/4 s -it/2) . \\ , 
2 — r + iln(*t;*t) - - t4C(1 - 2it)A D (-it:it) dt 

VC(i + 2«t) v^y r(i/4 + it/2) sv y v vy 

+o(x 1 / 2+e ), 



where 



(3.11) ^(-r;r) = n ( 1 - 5^1=* " (1 " " 



1 \ I V' 



and 



(3-12) 4,(r;r)=£ l ° s " 



(p + lj^i+ar.!)- 
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The low-lying zeros of this family of L-functions are expected to display the same statistics as 
the eigenvalues of the matrices from U Sp(2N) chosen with respect to Haar measure. Thus in the 
large X limit, the one level density of the scaled zeros will have the form, as proved by Ozliik and 
Snyder [38], 

&?EE'(^)-£4-^)* 

d<X 7d V / 7 

where X* is the number of terms in the sum (and is proportional to X). 

Defining f(t) = g( tlo ^ X ) and scaling the variable t from Theorem 13. II as r = tlc $L X 
, .s sr^sr^ (-1 d \ogX\ 1 /*oo / d \^'f inT 

(3-") ££»( = ^ L 3(T) £ ( + 2T i 1 ' 4 + SiX 



d<X 7d v ' 00 d<X 



IT' ( _ ,, inT \ „ / C'(l + iogx) . / / 2-7rir 27rir 



+ 2r i 174 iogxJ +2 Ui + ] §x-) +A ' D Wx>io g x 

_ e -^iog# W4-jg^) / _ 4m\ /_ 27UT , ^Ht_ \ \\ 

r(V4+^)H iogx; AD v io g x'iogz;;r r 

+0(X 1/2+e ). 

For large X only the log ^ term, the ^- term and the final term in the integral contribute, yielding 
the asymptotic 

<-> ££^)~^/>(™-** Sf+^**)*- 

<KX 7d V 7 00 V 7 

However, since g is an even function, the middle term above drops out and the last term can be 
duplicated with a change of sign of r, leaving 

1 / lnp- - \ 1'°° / p -2mr 2nir \ 

J(r) (l + W + ^ )*■ 

and resulting in exactly the answer expected. 

In much the same way as for Theorem 13. II we can compute the lower order terms in the one-level 
density for the zeros of the functions from the orthogonal family L&(s, Xd) by using (|2.6ip . 

Theorem 3.2. Assuming Coniecture \2.9\ and with f satisfying \3.1\) . we have 
( 3 - 17 ) EE/(^) = oT / /(*)£ I 2 log £ + =(6 + it) + -(6 -ii) 

d<X"/ A ,d °° d<X ^ 

( C{l + 2it) L A (sym 2 ,l + 2it) 
+2 V C(l + 2it) + L A (sym2,l + 2zt) + ^ 



d A r(8 - it) C(l + 2^ A (sym 2 , 1 - 2*0 j,^ ^ 



2vry T(6 + it) L A (sym 2 ,l) 

+o(x 1 / 2+e ) 
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where is defined in 112.56}) . 

In the same way as above, the main terms here give the one-level density of eigenvalues of 
matrices from the group SO(2N), which in the limit of large N is 1 + s ™^, x ■ 



4. Pair-correlation 

We show how to use the ratios conjecture to compute the pair-correlation of the zeros of the 
Riemann zeta-function, originally conjectured by Montgomery [36], together with lower order (arith- 
metic) terms that have been found heuristically by Bogolmony and Keating [3] (see [28] for a more 
expository description, [2] for numerical calculation of these lower order terms and [19] for related 
rigorous results). When Farmer formulated his original ratio conjecture (|2.2p he observed in [16] 
that it implied the leading order terms of Montgomery's pair correlation conjecture. Farmer's 
method is completely different from what we present below. 

We want to evaluate the sum 

(4.1) s(/)= Yl /ft--/) 

0<7,7'<T 

for a test function / satisfying (|3.ip . We rewrite the sum in question in terms of contour integrals. 
Let 1/2 + j^pp <a<6<3/4 and let C\ be the positively oriented rectangular contour with corners 
a, a + iT, 1 — a + iT, 1 — a and let C2 be the rectangular contour with corners 6,6 + iT, 1 — 6 + iT, 1 — 6. 
Then 

(4.2) S(f) = jf jf ^( Z )^( w )f(-i( z - W )) dw dz; 

the point, of course, is that the poles inside the contours are simple poles with residue 1 at the 
zeros z = 1/2 + and w = 1/2 + ij 1 of the zeta-function. The integrals along the horizontal sides 
are small and may be ignored. Thus, we consider 4 double integrals. We consider each of the 4 
double integrals separately; call them I\, . . . , J4, where I\ has vertical parts a and b, I2 has vertical 
parts 1 — a and 1 — b, I3 has vertical parts a and 1 — 6 and I4 has vertical parts 1 — a and 6. 

It is easy to see using the Riemann Hypothesis that I\ = 0(T e ) just by moving the contours to 
the right of 1 and integrating term-by-term. 

For I2, we use the functional equation ^-(s) = ^(s) — ^-(1 — s) for s = w and s = z and find 
similarly that 

(4.3) I 2 = f r ^(1/2 + ^)^(1/2 + i v )f(u-v) dudv + 0(T*). 

(2tiT Jo Jo X X 

Using the fact that 

(4.4) ^ (1/2+it)= _,„ g M( 1+0 (r)) 
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and that / is even, we see, after the substitution u = v + 77, that 

2 l' T l' T v u 
(4.5) h - J2^i I bg S l0g ^ /( " " "» ** * + ° (T<) 

" ; /(t?) / log — log <fo dr? + 0(T e ). 



(2vr) 2 Jo Jo 27r 27r 

Recall that / satisfies 

(4.6) /(*) « 

for real x. Letting v — > tjT in the inner integral above, we have 

(47) /, _ ^r^/W^togglog^^^ + O^). 

We may extend the upper limit of the inner integral to v = 1, introducing an error term of size 
<C / T 77/(77) log 2 Tdr? <C log 3 T. We can also replace log(?;T + 77) by logwT with the same error 
term. Thus, 

(48) h = ^. T £ f{v) J^^ ivdrl + o(T-) 

= W?l-T m [ l0g2 ^ iVd " + 0lr) - 
Next we consider 13. Letting z = + 77, it is 

1 rl-b+iT i-a+iT H H 

(4.9) / 3 = -—2/ / ^H^(z)/(-i(z-«/))di//d* 

_j rl-a-b+iT rT 2 fl fl 

= in \2- / /(-*»/) / —(a + it) — (a + it + r])dtdr), 

{2lT) z l Jx-a-b-iT JTi C C 

where Ti = max{0, — St?} and T2 = min{T — Q77, T}. We use the functional equation 

C \' c 

(4.10) j(a + 77 + it) = ^(a + 77 + it) - j(l - a - r) - it). 

The term with the x'/x 1S small as is seen by moving the contour to the right. Thus, we see that 

^ rl-a-b+iT rT 2 /■/ /■/ 

(4.11) I 3 = "p. yp I f(-iv) Ua + it)):(l-a-it- V )dtd V + 0(T^ 

Y rl-a-b+iT rT 2 £/ £/ 



(2tt)H J,_ a _ b 
+0{T), 



r 1—a—O+U rl 2 [I (-1 

\ fHv) / y(s + (a - 1/2))^(1 - s + (1/2 - a - 77)) dt dr, 

Jl-a-b-iT JTi S S 
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where s = 1/2 + it. By Theorem I2.5( we have 

-i rl-a-b+iT ,-T 2 / f C'\' 

(4-12) I 3 = 7™/ f{~iri) 11 j) (!-»?)+ 

C(1 - r?)C(1 + r?) lI (7TTj2 



Let 5 = a + 6 — 1 and let g(—i], t) be the integrand in the second integral above. We can extend 
the range of the inner integration, much as we did for the I2 integral to the interval [0, T] with an 
error term of size <C T e \ f]\\f(rj)\dr) <C T e . Thus, we obtain 

(4.13) I 3 = ? _ T / / H-iv)9(-V, t) dr, dt + 0{T l l 2+ *). 
Now we consider I4. Again letting z = w + rj, we have 

-1 pl—a+iT r-b+iT a/ m 

(4.14) I 4 = - — / / tHtW/C - *^ ~ w )~) dz dw 



{^i?k-a Jb C 'C 

I r-a+b-l+iT pT 2 /•/ /•/ 

= \ 2 - / f(-iv) —(l-a + it) — (l-a + it + rj)dtdrj. 

We use the functional equation 

C *' C 

(4.15) -(1 - a + it) = —(1 - a + it) - - it). 

C x C 

Again, the contribution of the x'/x term is negligible. Thus, 

1 i-a+b-l+iT f-T 2 h h 

(4.16) h = T^r / fHri) / ^(a-^^a-a + zt + r?) dtd V + 0(T*) 

{2nri Ja+b-i-iT M C C 

= / /("^) / -(l- S + (a-l/2))^( S + (l/2-a + ?? )) ^dTy 

(2tt)^ J a+b _ x _ iT J Tl C C 

+0(T e ). 
Now, by Theorem 12.51 

1 pa+b-l+iT pT 2 / / 

(4-17) h = 7™/ /(-"?)/ 7 ) (1+7?)+ 

(2tt)^ Ja+b-i-iT Jti VAC/ 



"C(1-I7)C(1 + 17)11 

' n 



(1-4) 2 

2^ 
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Using the notation introduced after the calculation of 1%, and again extending the range of the 
integration in the inner integral, we can write the expression for I4 as 

(4.18) I 4 = 1^ [ S+tT fHvMv, t) dn dt + 0(TV2+«). 
Combining this with what we found for I3 we have, after a change of variables, 

(4.19) j 3 + i 4 = _^/ / f(ir!)g(ri,t) dr,dt + 0(TV 2+e ). 



Now let 



(1 p + , p i+v ) 



( 4 - 2 °) ^)=n f 1)2 

logp 



and 

(4.21) B( V ) = 

p 

so that 



(pi+v - 1) 



(4.22) g(v,t) = (j) + + 'c(i-i)C(i+^)-%). 

Near 0, we see that (note that ^4'(0) = 0), 

(4.23) 5(r?)t) = ^± +0 (l). 

V 

We move the path of integration in 7] to the imaginary axis from — T to T with a principal value 
as we pass through 0; the contribution from 1/2 of the residue from the pole of g at 77 = is 

(4.24) tt / T /(0) log ^ (it. 

Combining our expressions for Ji , . . . , I4 , and changing 77 into ir we have 
Theorem 4.1. Assuming Coniecture \2.1\ and with f satisfying )13. we have 



r /M(log 2 i + 2('(^V(l+ir) 



T 



2vr V VC 



+ (^r) C(l-*r)C(l + *r)A(ir)-5(*r)JJ dr ) dt + 0{T 1/2 ^ ^ 
here the integral is to be regarded as a principal value near r = 0, 

^)=n (1 ~^l%j; +? H 

P v p) 
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and 

We believe that this formula, originally found by Bogomolny and Keating [3], is very accurate, 
indeed, down to a square root error term. It includes all of the lower order terms that arise from 
arithmetical considerations and should include all of the fluctuations found in any of the extensive 
numerical experiments that have been done. We have not scaled any of the terms here so that 
terms of different scales are shown all at once. 

To see the leading order term from Montgomery's pair-correlation conjecture, let L = log^jr, 
9( X Y~) = f( x )> an d scale the variable r in the inner integral in Theorem 14.11 as y = r^: 

(4.28) £ *((7 --/)&) 

7,7'<T 

+ e -W 2S ^£( 1 _^)£( 1+ ^)^(»_£«)^ d y\ dt + 0(T l ' 2+e ). 



For large T, only the log 2 ^ and the two terms containing zeta functions contribute, so we have 
the asymptotic 



(4.29) £ gi{7 -y^^^£(2 M0]loe ± 



7, 7 '<T 



L>5T 



Integrating over t, we find that 



(4.30) J>((7-Y)*) ~ |,o E x( 5 (0)4-£ 9W (l-^4-^) 



dy 



The expression 1 — (sin 2 iry)/(Try) 2 is exactly the limiting two-point correlation function predicted 
by Montgomery [36]. 



5. Mollifying second moments 



The technique of mollifying is used for computing information about zeros in families of L- 
functions, for example for obtaining lower bounds for the proportion of zeros on the critical line or 
for showing that not many L-functions in a family vanish at the central point. The general set up 
is that we have a family of L-functions to average over. Before performing the average we multiply 
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by a Dirichlet polynomial whose coefficients arise from the inverses of the members of the family, 
multiplied by a smoothing function. We will compute one example arising from each of the three 
basic symmetry types. 

As we discussed in the introduction, mollifier calculations are in general quite complicated. The 
ratios conjectures give a relatively easy way to obtain the relevant asymptotic formula. Thus, 
they can serve as a guide as to whether to embark on a calculation and a check as to whether a 
calculation is correct. They also provide evidence that mean- value formulas which can be proven for 
short mollifiers remain correct for long mollifiers. So, these calculations are valuable even though 
we assume RH. 



5.1. A Unitary example. We start with the Riemann zeta-function in i-aspect as a prototype of 
a unitary family. So, let 



fi(n)P 

(5.1) M(s,P) = J2 



log y/n 
logy 



n<y 



where /x(n) is the Mobius function, 

fi(n) 

n=l 

and P is a polynomial satisfying P(0) = 0. Also, 

(5.3) y = T e 

where, classically, the following results have been proven for 9 < 1/2, and, with a more modern 
treatment, for 9 < 4/7 [7]. Conjecturally, the asymptotic formula we obtain should be valid for any 
fixed 9, no matter how large. We want to consider 

(5.4) 1= [ T |C(l/2 + it)\ 2 \M(l/2 + it, P)\ 2 dt, 

Jo 

and more generally 

(5.5) I ( (a,f3,P 1 ,P 2 )= [ T as + a)C(l-s + P)M(s,P 1 )M(l-s,P 2 ) dt, 

Jo 

where s = 1/2 + it. Also, it is useful to discuss the scaled and differentiated form of this quantity, 
namely, 



(5.6) Wl ,Qi,n,Pi) -Q 1 ( i ^£Ki^)M«,A.p 1 ,fi: 

for polynomials Q\ and Q 2 - 

To relate this to our ratios conjecture we note that by Perron's formula 

( ' 2vri J {c) X z m +! ~\0if0<x<l 



a=(3=0 
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where c > 0. Therefore, if P{x) = E m >i Pm 1 ™) then 

(5-8) M(s, P) = Y^—I V * , 1 : dz. 

This expression leads us to 

(5.9) I c (a,(3,P 1 ,P 2 ) = V ,m m+w '" ' 2 / / m+1 ^ flcKA^z) <fa> <fe, 

where c\ = c 2 = 1/logy, and is defined at f)2 . 1 [) . Using the ratios conjecture 12.11 we see that 
the double integral above is equal to 

,, m s i f f y w+z f T f ((l + a + P)C(l + w + z) 

+ UJ C (l - P + *)C(1 -a + w) Ad ~P> ~ a > W > Z) ) dt dW dZ + ° {T ] 

From this formula we could work out a precise conjecture with all lower order terms included. 
However, we are mainly interested in the leading order term when a, (3 « 1/logT. The leading 
order terms come from the residues of the poles in w and z at zero; to obtain these we use arguments 
similar to the proof of the Prime Number Theorem to move the paths of integration slightly to 
the left of zero, allowing us to replace the contours of z and w with circles of radius 1/logT and 
2/logT respectively. The error term is then certainly 1/logT smaller than the main term. Also 
we use A = 1 + 0(1/ log T) and £(1 + x) = 1/x + 0(1) for small x and large T. Then we have 

Pi,mm\p2, n n\ 1 f f y w+z 



t i a d d ^ V" Pi,mm\p2, n n\ 1 / / 



w 



m+1 ~ra+l 



/ Wa + /3)(w + z) V 27r / (-a - + z) 

(5.11) +0(T/ log T). 
It is convenient to write, for 3t(w + z) > 0, 

(5.12) * = / u w+z — 



w + z J 
so that the above becomes 



r t a d d \ 1 Phmm\p2, n n\ f f y 



(2vri) 2 J J ui m+1 z n + 1 



x ^(a + z){p + w) - y— j {-(5 + z){-a + w)j dw dz — dt 
(5.13) +0(T/ log T); 

note that the integration in u is for u > 1 since for u < 1 the integrals in z and u; are 0. 
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Now 
(5.14) 

and 
(5.15) 

Therefore, 

l((«,Afl,f.) = 

(5.16) 



E 



E 



Pi, m m\ 1 

log m y 2m J w m+1 
pi m m\ 1 



dw = Pi 



log w 
logy 



1 . f log u 



— dw — 1 i . 

log y 2iri J w m logy \logy 



a + j3 Jl 
xPi 



d 



a 



dz 



dw 



dz 



a + 



dw 



w + log u\ ( z + log u 
"2 



logy 



logy 



du 



Letting u = y r , we deduce that 

Tlogy 



I c (a,/3,P 1 ,P 2 ) 
(5.17) 



a + /? 



x / P 1 







d 

dz 
w 



dw 



logy 



+ r P; 



logy 



UI = 2 = 



-Q-/3 



+ r dr 



+ 0(T/ log T). 



a + 



du> 



+ 0(T/ log T). 



w=z=0 



It is useful to rewrite the main term of this as 



Tlogy(l - T~ a-/3 ) 



a + f3 



^ ^ dz 



a+ dw) J Pl 



(5.18) 



+ 



w 
logy 



+ r\P 



w 
logy 

2; 



logy 



+ rjP 2 
+ r I dr 



logy 



+ r I dr 



w=z=0 



w=z=0 



The second term here is = TPi(l)P2(l). For the first term, we write 

I _ y-a-/3 



(5.19) 



a + /3 



logT / T""( a+/3 ) 
Jo 



and note, for example, that logy(— a + d/ dw)P\{w / logy + r)\ w= o = (d/dw)y aw P\(w + r)\ w= Q. 
Finally, recalling that y = T 9 , we have 



(5.20) I < (a,P,P 1 ,P 2 ) = TP 1 (l)P 2 (l) 



T d d 

h y 

9 dw dz 



-otw—(iz 



[ [ ( w + r )p 2 ( z + r ) rf r 

Jo Jo 



+ 0(T/ log T). 



w=z=0 



This formula appears in [7], page 11. To compute I^(Qi, Q2, Pi, P2) we observe, for example, that 

-1 d 



(5.21) 
Thus, we have 



log T da 



-atOT-i— an 



Qi(w6 + u). 



a=0 
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Theorem 5.1. Let Pi, P 2 , Qi and Q 2 be polynomials, with Pi(0) = P 2 (0) = 0. Assuming the ratios 
coniecture \2.1\ for any fixed 8 > 0, we have (using s = 1/2 + it) 



(5.22) 



1 



Qi 



-1 d 
log T da 



Q2 



-1 d 
logTdfi 



C(s + a)C(l - s + P)M(s, Pi)M{\ - s, P 2 ) dt 



a=/3=0 



Pi(l)P 2 (l)Qi(0)Q 2 (0) 



+ 



d d 1 
dw dz 9 



[ [ P 1 (w + r)P 2 (z + r)Q 1 (w9 + u)Q 2 (z9 + u) dr du 
Jo Jo 



w=z=0 



+0(1/ log T) 
Pi(l)P 2 (l)Qi(0)Q 2 (0) 
1 



+- 



7 

Jo 



P[{r)Qi(u) + 9P 1 {r)Q[{u)) (J^(r)Q 2 («) + 9 P 2 {r)Q' 2 (u)) dr du 
f 0(1/ log T). 



As remarked earlier, if < 4/7, then this is a theorem of [7] which generalizes work of Levinson 
[33]. Farmer [16] was the first to propose that this formula should hold for any fixed value of 9 > 0; 
he calls this the "long mollifiers" conjecture. Other examples of mollifying a second moment in a 
unitary family are in [17], [25], and [35]. 



5.2. A symplectic example. We consider mollifying in the family of L-functions L(s, Xd ) asso- 
ciated with real Dirichlet characters. Let 

(5-23) M( Xd , P) = £ wl/2 V SVJ , 

n<y 

where P is a polynomial satisfying P(0) = P'(0) = and y = X 6 . Consider the second mollified 
moment 

(5.24) M(a,(3,P u P 2 )= ^ L(l/2 + a, Xd )L(l/2 + 0, X d)M( Xd , Pi)M( Xd , P 2 ). 

d<x 

As in our previous example, we can express 

(5 ' 25) Mfa ' P) = ? W-y^i L Wft + H)^ 

where the p n are the coefficients of the polynomial P. So, letting p m ,i and p„ )2 be the coefficients 
of Pi and P 2 we have 

M(a,/3,Pi,P 2 ) 

,, 2n _ V Pm,im\p nt2 n\ 1 f /■ v L(l/2 + a, XdW/2 + /?, X d) , , 

{ ' ) £i l °z m+n y (2vri) 2 4 4 2 )^ +i ^+\4i L ( 1 /2+^,x d )Mi/2+^x rf ) w z ' 
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For the sum over d we substitute from (|2.39p : we find that 
(5.27) -Xfa^.P.^-YJ [ogm+ny p-p/ 



yW + Z 



(ci) J(c 2 ) w z 

(a + w)(a + z)(/3 + w)((3 + g) _ (-a + w)(-a + z)(/3 + + g) 
Aa(3(a + {3)(w + z) Aa(5{-a + f3)(w + z) 

x -p ( a + w )( a + + + g) 

4a/3(a - + z) 

x - a -0 + w )(~ a + f)H? + ^ + z) \ dw dz 
4a/?(a + + z) / 

For simplicity from now on we write asymptotic formulas but, as in the previous section, they could 
all be replaced by equality with an error term that is one log smaller than the main term. 

As before, we replace v w ^ z by fi u w+z ^ L . Then the poles are all at w = and z = and only 
the numerators in the last set of brackets depend on w and z. Removing the factor (w + z) from 
the denominator, we expand this bracket into an expression that is a polynomial of total degree 4 
in w and z with maximum degree 2 in each variable: 

i (\-x-«-v , i-x-^v ,„ , (i-x-«)(i-x-P),i 2 , 



+ X~ a — vfzT + - -f- '-(w z z + wz l ) 



4a{3 \ a + P a- ft J ' 4af3 

/I _ y-a-P i _ ya-/3\ 

(a + /3)(l-X-»-») , (a-/3)(jr-"-X-f)V... , 1„ , ,, 



(5 - 28) + 4( a + g) + * U-ffl • 

Using the analogue of formulas (|5.14p and (|5.15p . we see that we now should replace w 2 z 2 in this 
expression by 

(5.29) -V I* Ff (>SH WjSH) * * /' P-MP'V) *. 
log 4 yJi VogyJ \logyJ u \og 6 y J 

Likewise, w 2 z + wz 2 should be replaced by 

(5.30) * f (PT(r)J^(r) + ^(r)J^(r)) dr, 

log 2/ Jo 

u> 2 + z 2 by 

(5.31) -!- / (Pf (r)P 2 (r) + Pi(r)^'(r)) dr, 

logy 7o 

by 

(5.32) J ° n , ; 2V 7 , 

logy 
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w + z by 



(5.33) f {P[(r)P 2 (r) + ft(r)J^(r)) dr, 

Jo 

and the constant term by 

(5.34) logy/ Pi(r)P 2 (r) dr. 

Jo 

In this way, we find that 

(5.35) — M(a,p,Pi,P 2 ) ~ — ( — — - — + X — —J— 7—3" 



X* a/3 \ a + /? a — (3 J log y 

(1 - X~ a )(l - X-P) /J (P 1 "(r)P^(r) + Pf(r)f£(r)) dr 



+- 



a/3 log 2 y 

Y _ a l-X°-^ /o( P i'W^2(r)+Pi(r)P^(r)) dr 



(a + /3) ' {a -f3) J logy 



logy 



+ (d + x-) 1 -^- + (i + ^^f^) 

+ {l + X- a ){l + X~P) f (P[{r)P 2 {r) + Pi(r)P^(r)) dr 

./o 

+ ( a + /? +X \ -(3 ) logy / p i( r ) p 2(0 dr. 



/ jo 

This gives our final formula for Ai(a, (3,P±,P 2 ). 

If, instead, we consider the mollified second moment of £(1/2, Xd), we can put our answer into a 
more symmetric form. Recall that by the functional equation (|2.26p we have 

/ j \ a/2 / j \ 

(5.36) C(l/2 + a, Xd ):= - r - + J U(l/2 + a, Xd ) = £(1/2 - a, Xd ). 



vr/ V 4 2 



Therefore, if we multiply (|5,35p by x( a+ ^/ 2 we will obtain the asymptotic formula for the mollified 
second moment of £: 



(5.37) AA(a,/3,P l5 P 2 ) := ^ £(1/2 + a, Xd)£(l/ 2 + j3, Xd) M (Xd, Pl) M (Xd, p 2)- 

d<X 
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We have 

X* na ' P ' U 2) a(3\ a + (3 a - f3 ) log 3 y 

| (Xf - X?)(X$ - X*) Jq 1 (Pj'(r)P^(r) + P{(r)P^r)) dr 
a(3 log 2 y 

( X^-X^ X^-X^ \ (Pf(r)P 2 (r) + P^P^r)) dr 
+ { (a + /3) + (a-P) ) logy 

5.38 + {(X2+X-) + {X2+X—) J ° n . ' 2V ' 

\ P a J logy 

+ (Xf + X^)(X2 + X^r) / (P[(r)P 2 (r) + Pi(r)^(r)) dr 

Jo 

;y [ Pi(r)P 2 (r 
Jo 



/ a«(X 2 - X 2 ) q/3(X 2 - X 2 ) \ 



We introduce a scaling, writing a = 2a/ log X and /3 = 26/ log X. Then it is not difficult, remem- 
bering that y = X d , to see that the above can be rewritten as 

4 „ „ „ x 1 Z" 1 sinh cm sinh ira , f 1 ... . ... . , 

^(a.Afl.^-^y^ _ _ d „y o jtm^m* 

jf WWfJW + PlWif (D) * 

+^ / cosh a« cosh bu du [ (P"(r)P 2 (r) + Pi(r)P%(r)) dr 
Jo Jo 

2 /cosh a sinh 6 cosh 6 sinh a \ f 1 , , 

(5.39) +- + J | P[(r)P^(r) dr 

+4 cosh a cosh & f (P[(r)P 2 (r) + Pi{r)P 2 {r)) dr 
Jo 

+86ab / sinh au sinh bu du / P\{r)P 2 {r) dr. 
Jo Jo 

We now apply Q\ (^) Q 2 ( Jj) to this expression to obtain 



(5.40) -Q. | |) % (* W^,^,*, 



a=b=0 
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We may assume that Q\ and Q 2 are even functions, since for an odd number r we have (1/2, %d) = 
0. To perform this calculation, we observe, for example, that 

/ d \ _ / <i \ Z" 1 sinhausinhfai 



a=fe=0 



= 7 f I + <2i(-*i)) d *i / (^2(* 2 ) + Q 2 (-* 2 )) *2 d« 

4 Jo Jo Jo 

= / Qi(u)Q 2 (u) du, 
Jo 



'0 

where we have used the notation 

(5.42) Q{u) = ( Q(t) dt. 

Jo 

By similar, but easier, calculations we find that 

-1 r l 



X*' 

+- 



^M(Q u Q 2 ,Pi,P2) ~ ^3 J Qi(u)Q 2 (u) duf^ P{'PZ(r) dr 

^Qi(l)Q 2 (l) jT 1 (i^(r)^(r) + P[(r)J^(r)) dr 

+\ j\i{u)Q 2 {u) duj* {P"{r)P 2 (r) + Pi(r)P%(r)) dr 

(5-43) +^ (Qi(l)Q 2 (l) + Qi(l)Q 2 (l)) jf 1 A' (0^(0 

+4Qi(l)Q 2 (l) f 1 {P{(r)P 2 {r) + Pi(r)P^r)) dr 
Jo 

+89 [ Qi(«)Q' 2 («) du / Pi(r)P 2 (r) dr. 
jo jo 

The right hand side here can be written in a more compact form as 

(5.44) 1 jf 1 jT 1 Qp['(r)Qi(u) - AO P^Q'^u)) (^'(r)Q 2 («) - 40P 2 (r)Q' 2 (u)) du dr 



+ ^P[(l)Qi(l) + 2P 1 (1)Q 1 (1)J (^(1)Q 2 (1) + 2P 2 (1)Q 2 (1) 
To verify this assertion we need to use identities which follow from integration- by-parts, such as 

(5.45) f 1 (P{(r)P 2 (r) + P^P^r)) dr = Pi(l)P 2 (l), 

J 

(5.46) /* (Pf (r)l^(r) + Pf(r)^'(r)) dr = Pj(l)^(l), 

JO 
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(5.47) f P{'(r)P 2 (r) dr = P((1)P 2 (1) - f P[{r)P^(r) dr, 
Jo Jo 

and 

(5.48) f Qi(u)Q' 2 (u) du = Qi(l)Q 2 (l) - I Qi{u)Q 2 (u) du. 
Jo Jo 

In the last equation note that we have used Q(0) = 0. 

Theorem 5.2. Assuming Conjecture \2.8l we have for even polynomials Q\ and Q 2 , and P\ and 
P 2 polynomials satisfying Pi(0) = P{(0) = ^(0) = P 2 (°) = 0, and y = X 9 with any 9 > 0, 



= X'(± J J Qpf(r)g,(i.) - 4M> 1 (r)Q' 1 (»)) fe'(r)Q 2 (») - 4M> 2 ( r )Q' 2 (,,)) rf u dr 



a=/3=0 



(5-49) +ifip[(l)g 1 (l) + 2P 1 (l)Q 1 (l) > ) (±^(1)Q 2 (1) + 2P 2 (1)Q 2 (1)1 +0(1/ log X) 



4 V# 

Examples of second moment mollifying in a symplectic family occur in [40] and [15]. 
5.3. An orthogonal example. Here we compute 

(5.50) M A (a,0;Pi,P 2 ) := £ L A (l/2 + a, Xd )L A (l/2 + /?, Xd)M A ( Xct , Pi)M A ( Xd , P 2 ), 
where 

(5.51) M A ( Xd ,P)-=V V 



m<j/ 



As in equation (|5,26p . we have 
M A (a,p,Px,P 2 ) 

( z r 2) _ y Pm,irn\p n , 2 n\ 1 f f y w+z v L A (l/2 + a, Xd )L A (l/2 + (3, Xd ) , , 
l " J ^ log"**y (27rz0 2 7 (cO 4 2 )^ +1 ^ +1 ^ L A(l/2 + ^x^A(l/2 + ^Xc 2 ) ™ *" 
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Using flZggD leads to 

1 Pm,im\p ny2 n\ Iff y w+z 



M A (a8P 1 P 2 ) ~ ±Y Pm ' imlPn ' 2nl 1 I I 



(a + w)(a + z)(/3 + u;)(/3 + 2;) 



(« + /?) 

(5.53) +X 



2a (-a + w){-a + z){(3 + w)(J3 + z) 



(-a + 13) 

„„ ( n> -4- nA(rv 

+x 



2/3 (a + w)(a + z) (—/3 + w)(—/3 + 2) 



(a-/3) 

(a + (3) 



We expand the brackets into powers of w and z yielding 

(5.54) wV 

+ (1 + X- 2a )(l + X- 2l3 )(w 2 z + to 2 ) 

/a/3(l -X- 20 - 2 ^) a/3(X" 2Q - X~ 2 P)\ , ; , 



+ " v " ^ + ^ Kv? + **) 

\ a + (3 a — p J 

+ ((a + P){l -X- 2a - 2(} ) - (a-p)(X- 2a -X- 2 ^wz 

+a(3{\ - X- 2a )(l - X- 2(3 )(w + z) 

'a 2 (3 2 (l-X- 2a ' 2 ^) a 2 f3 2 (X~ 2a -X-W) 



+ 



a + (3 a — (3 



As we did in the other cases, we replace y w + z by Ji u w+z ^. In a similar manner to (|5.29p . we 
evaluate the sums over m and n using 

, , \ - Pm,im\p nt2 n\ 1 f f f y u w+z du 

[ } ^ log m+ ™ y (2m) 2 J (ci) J {c2) J 1 W rn + X z n + X wz „ « 

= log 2 y fi\(^W l0g ^ ^ 



1 V lo gy/ V lo gy/ M 



(5.56) 



E 



Pm,im\p n ,2n\ 



log 



m+n 



(2t»)" ./(d) ./(ca)./l 



Pi 



logu 
logy 



logu 
logy 



n n ow «2 

w m + 1 z"+ 1 u 
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and, in general, 



^ Pm ,imlp n:2 nl 1 f f fV u w + z w a z b du 
y ' ' £^ log m+n y (2vri) 2 7 (ci) 7 (C2) A h^z^u,* « 



Jo 



where P^ means the ath derivative of P; if a < then it means the (— a)th integral of P, so that, 
for example, = P. Inputting this into our expression for M.A leads to 



A-M A (a,(3,Pi,P 2 ) 

p{(t)p^t)dt 



log y \ a + (3 a — (3 



o 



+(l + X- 2a )(l + X- 2 ' 3 ) J' (P^P'it) + P[(t)P 2 (t)) dt 

+ logy ((a + /3)(1 - X' 2 "- 2 ' 3 ) - (a - /3)(X~ 2a - X" 2 ' 3 )) jf Pi(t)P 2 (i) 

+ log 2 y a/3(l-X- 2a )(l-X- 2 ^) ^ (Pi(t)P 2 (t) + Pi(t)P 2 (t)) dt 

, 3 /a 2 /3 2 (l-X- 2a " 2 ' 3 ) a 2 /? 2 (X' 2a -X^)\ f 1 N ~, , , 
+ log 3 y ^-^^ / Pit)P 2 t)rft. 



We want to compare mollifying in an orthogonal family with that in a symplectic family. To this 
end, we consider, as we did for the symplectic family, mollifying the xi-functions. In this situation 
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■ij Y, ^a(1/2 + a, Xd)^A(l/2 + 0, Xd)M A ( Xd , Pi)M A ( Xd , P 2 ) 



X 

d<x 



1 a + a / P l (* P 2 (*) 

logy V a + /3 a-/? J Jo 

+ {X a + X~ a ){X p + X~P) [ (P 1 {t)P^t) + P[(t)P 2 (t)) dt 

Jo 



(«■> + .o g < ^f^ - -^;:/-°» ) f (lW)A <«, + A(. W )) * 

+ logy((a + /3)(X Q+ ' 3 -X- a -' 3 ) + (Q-/3)(X Q ^-X^ Q )^ jf Pi(t)P 2 (t) dt 

+ log 2 yaP(X a -X- a )(Xf 3 -X-f 3 ) J* (Pi{t)P 2 {t) + P^Ps (t)) 

, 3 /aWX ^ - X-"-' 3 ) a 2 /3 2 (X a ^ - X^) \ , 



If we now scale, letting a = a/\ogX and (3 = b/logX, and continuing our y = X 6 convention, 
then we can rewrite the above as 



^ 2 / sinh(a + 6) sinh(q-b) \ f 1 

+4 cosh a cosh 6 / (Pi(i)i^(t) + P[(t)P 2 (t)) dt 
Jo 



(5.60) + ^ 2a6sinh(a + 5) _ 2abstah(a - ^ ^ + ^ 

+6»^2(a + 6)sinh(a + 6) + 2(a-&)sinh(a-6)^ P 1 (t)P 2 (t) dt 
+9 2 4absmhasmhb J (Pi(t)P 2 (t) + Pi(t)P 2 (*)) * 

+() 3 + toWMH.-^ j* h(f)h(t) dt 
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We now apply Qi(^)Q 2 ( Jj)|o=6=o to both sides of this expression; we assume that Q\ and Q 2 are 
even. We use the notation J^Aa(Qi,Q 2 , Pi, P 2 ) as in the symplectic example. Thus, 

■^-M A (Q 1 ,Q 2 ,Pi,P2) 

~ t I Qx{n)Q 2 {u) du f P[{t)P^{t) dt 

V Jo JO 

+4Q 1 (1)Q 2 (1) / {P^P^t) + P[(t)P 2 (t)) dt 
Jo 

(5.61) +40^ Q[(u)Q' 2 (u) du J (p{(t)P 2 (t) + Pi(i)P 2 (i)) dt 



+46»(Qi(l)Q' 2 (l) + Qi(l)Q 2 (l)) / Pi(t)P 2 (t)dt 

Jo 



+4# 3 / Qi'(u)Q 2 '(w) du / Pi(t)P 2 (t) dt. 
Jo Jo 

This expression can be simplified to obtain 

Theorem 5.3. Assuming Conjecture \2.11[ with even polynomials Q\, Q 2 , and polynomials P\, P 2 , 
satisfying -Pi(O) = P 2 (0) = 0, and using y = X s , we have for arbitrary 9, 

(5 - 62) ^ {^xi) ^ (^xlp) 

Ca(1/2 + a, Xd)&(l/2 + /3, Xd)M A (Xd, A)M A ( Xd , P 2 



x _ , v „ _ , , , _ , 

' - e 2 P 1 {t)Q l [{u) ) ( p^(t)Q 2 (u) - # 2 p 2 (i)Q 2 » ) ^ 



1 



'0 jo 

+ (p 1 (1)Q 1 (1) + ^(ljQUl)) (i^(l)Qa(l) + 0P 2 {l)Q' 2 (l] 
+o(Q[(0)Q 2 (0) J P^P^dt + Qi(0)Q' 2 (0) J P[{t)P 2 {t)dt\ + 0(1/ log X). 

Examples of second moment mollifying in an orthogonal family occur in [26] and [31]; in [32] a 
fourth moment mollification is performed. 

6. Mollifying the /cth moment of £(s) 
Chris Hughes has unpublished notes giving an asymptotic formula for 

(6.1) \((l/2 + it)\ 4 \A(l/2 + it)\ 2 dt 

Jo 
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where 

n<y 

is an arbitrary Dirichlet polynomial and where y = T 9 with 6 < 5/27. For applications to zeros of 
((s) it would extremely useful to specialize this formula to the case that A(s) = M{s) is a mollifying 
polynomial, but this would still involve a lot of work. Via ratios we produce a conjectural formula 
which can serve as a check against the more complicated rigorous proof via Hughes' formula. There 
are (at least) two obvious choices for a mollifying polynomial M(s). One is M(s) = M\(s, P) 2 where 

(6.3) m 1 ( S ,p) = y: — 

n<y 

with y = T 9 . The other is M(s) = M 2 (s, P) with 



(6.4) M 2 (s,P) = Y, 



n<y 

where y = T e and ^2 is the coefficient in the generating function for l/£(s) 2 . 

Here we will compute what the ratios conjecture tells us about the asymptotics for the kth 
mollified moments in the case where we mollify with Mk(s,P), where P(x) = '}2 m PmX rn is a 
polynomial satisfying 

(6.5) P(0) = P'(0) = • • • = P^-^iO) = 0. 

These conditions on P(x) ensure that we have a smooth cut-off at n = y. It is only in the course 
of the calculation that we see why we need k 2 — 1 derivatives to be zero. 



We note that 



(6.6) M k (s,P) = y \^vj = yPrn^_j_ , v d 

v ' y ' 4^ n s ^ logv) m 27ri J M ( k (s + w)w m+1 



n<y 



(logy)" 1 2iti ( k (s + w)w Ti 



where \ik is the coefficient in the generating function for l/((s) k , y = T 9 and c > 0. 
Thus, using s = 1/2 + it, 

(6.7) M k (a, f3) := ^ J* C(s + <*i) ■ ■ ■ C(* + <*k)C(l - s - fa) ■ • • 

xC(l - 5 - f3 k )M k (s, Q)M k (l - s, P) dt 
lmm\p n n\ Iff y w+z 



^ log^y (27T*) 2 J (C1) J (C2) W™+^ 



C(s + qi) • ■ ■ C(s + a fc )C(l " s " A) • • • C(l - s - (3 k ) 



dt dw dz 



((s + w) k ((l- s + z) k 

Using the contour integral form of the ratios conjectures (see, for example, [9, Lemma 2.1 or 10, 
Lemma 2.5.1]; the sum of residues of this integral equals the ( 2 fc fe ) terms in the ratio conjectures as 
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we have previously been writing them, for example (12.100 ). the integral over t is asymptotic to 
where 

(6.9) ofc, . ..,„*, . . . . = nU<»+>r uUtz^)l T i eu^. 

V{Vi + k, ■ ■ ■ ,V2k',Vl,. ..,Vk) 

Here D(v k+1 , . . .,v 2k ;v 1 , ...,v k ) = l\ k j=1 l\i =1 (vj - v i+k ). 
Noting the identity 

y w+z i f\ w +z(,^y\ A - l du 



(to + z) A (A — 1)! Jo V it/ u 

with yl = fc 2 , we have 

^mlpnn! 1 /" /" r5(-Si=i(«i-^)) (-1)- 



log m+n y (2ttz 2 7 (C1 )7( ( 



- log m +"y (2™) 2 i( Cl ) 7( C2 ) (& 2 - 1)! (2™) 2 ^!fc! 

G(t>i, . . . ,«2fe)A(ui, . . . ,f 2 fc) 2 , , y.tf^du dw dz 



dvt---dv 2k u w+z {\og^) 



(Vi-CtjXvi-Pj) *U> U W m+l z n+l- 



So, focusing on just the integrals over u, w and z, 
(6-12) -/ / log* 2 y /' e^+^(l - ^^ Bk^ + Z) l + Pf + f - ^ Aorfz, 

J(ci)J(c 2 ) Jo w m+l z n+l 

where the substitution was = r/ and we note that the part of the integral with u < 1 will not 
contribute since for these values of u we can move the path of integration in w and z as far to the 
right as we like. Now let y = T e , ctj = aj/logT = ajO/logy, and similarly for bj and f3j, as well as 
making the replacements w — > to/ logy, z — > z/logy and Vj — > Vj/logy. So we end up with 

^ 1 e l(-ZU^» (-l) 2J ^ 

M k {a/\ogT,b/\ogT) -l^ qm ml Pn nl {2m)2 (fe2 _ ^ 

(6-13) x /-..// / f 1 e^)(l - + *>* n ^ (w - V *f +1 d W dz 

J J J ( Cl ) J (a) JO l D(v k+1 ,...,v 2k ;v 1 ,...,v k )w m + 1 z n + 1 

X ^7 ; avi ■ ■ ■ av 2k . 
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Now we note that 

k 



(6.14) U(vj + z) k l[( w -v J+k ) k 

3=1 3=1 

d k d k 



du\ du\ 



e ui(«l+z)H Vu k (v k +z)+u k+1 (w~v k+1 )^ \-u 2k (w-v 2k ) 



2k 



lwi = ---=U2fc=0' 



and that 



<" 5 > hi 



——^dw = — , 



and use these to write 



J(-E^-M) ( _i)2^> dk 
(6.16) M k (a/logT,b/logT)~. 



(fc 2 - 1)! (27ri) 2k k\k\ du k du k k Jo 1 /; 
xQ(v + u k +i + ■■■ + u 2k )P(v + ui + ■ ■ ■ + Uk) j> ■ ■ ■ j> e^ ( ^=i ( ^-^+ fe)) 



gUlDlH hU k V k -U k + 1 V k + 1 U 2k V '2k /\( Vl ^ ^ 



2 



■. r = -d Vl ---dv 2k d V \ ui= ^ =u2k=0 



D(v k+1 , . . . ,v 2 k;v!, . . . ,v k )H i=1 Yl j=1 (vi - 6aj){vi - 9b j) 

Now we concentrate on the contour integral over the Vj variables: 
I v (ui, . . .,u 2k ) 



1 f f 1 1 1 1 1 

A A p (20+ui)v 1 +(2g+U2)v 2 -i ^( 2 g+u k )v k -(^g+u k+1 )v k+1 +u 2 k)'"2k 



( 6 - 17 ) x 7v^ 5 V7v^ au -dvi---dv 2k . 

D(9ai, . . .,9a k ;vi, . . .,v 2k )D(9b 1 , . . .,9b k ;v!,.. . ,v 2k ) 

Expanding the determinants A(zi, . . . , Zfc) = det[zj l_1 ]i<j im <fc, we obtain 

e (7^+Wl)fl+(7j^+M2)«2H h(7^+U fc )l) fe -(^+M fc + i)^ fc + i (^+«2fc)f2fe 

Iv = 



{2m) 2k k\k\ J J D{9a 1 , 9a k ; vi,..., v 2k )D(9b 1 , 9b k ; v 1 ,..., v 2k ) 
x sgn(S)v S ^ ■ ■ ■ v S k k ~^ +1 ■ ■ ■ 4 2 -^ ^£ sgn(Q)v?° ■ ■ ■ v Q k ^ 

(6.18) x ^ sgn(i?)« j g 1 • • • v* k k -^J cfoi ■ ■ ■ dv 2k . 

Here Q and i? are permutations of {0, 1, . . . , k — 1} and S 1 is a permutation of {0,1, ... ,2k — 1}. 

Since the integrand is symmetric amongst v\, . . . , v k and also amongst v k+ \, . . . , v 2k , in each term 
of the sum over Q we permute the variables v i, . . . , v k so that Vj appears with the exponent j — 1, 
for j = 1, . . . , k. In the sum over S the effect is to redefine the permutations, and the additional 
sign involved with this exactly cancels sgn(Q). We do the same with the sum over R, and as a 
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result we are left with kl 2 copies of the sum over the permutation S: 

Iff e (je+ Ul ) Vl +('Te+ M2 ) V2 ^ — y{^+uk)vk-{^+uk+i)vk+i (jQ+u-2k)v2k 



(2m) 



2k 



D(0a 1: 9a k ; v 1: ..., v 2 k)D(9b 1 , 9b k ;vi, v 2 k) 



(6.19) xJ2 s MS)vf°v. 



5o„Si+l S fc _i+(fc-l) S fc Sk+i+1 S 2fc _i+(fc-l) 



v k+l V k+2 



J 2k 



dvi • • • dv • 



2k- 



This can then be written as the following determinant, where we have written out the jth row, 
with j = 1, ... ,2k. 



det 



2*i / nti 



eC^-Hii^V'- 1 



(vi - 9ai)(vi - 9bi) 



-dv 



e (^+U2)v2 v j 



(6.20) 



(u 2 - 9ai)(v 2 - Obi) 



-dv k , 



dv 2 , • • • , 



e -(23+«fc+lK+l v ?'- 1 



fc+i 



2vri / nf=i(^+i " <?Oi)(«fc+i " <?&i) 2 ™ ■/ ]lti(^+2 - 0ai)(v k+2 - Oh) 



e ~(28+ U k + 2) v k + 2 v j 



k+2 



-dv k+ 2, • • • , 



p -(o0+U2k)v2k„J+k-2 
e M V 2k 



-dv 2 k ^ 



'"2vri J ntitefc-flaiXvafc-Mi) 
Setting the a's and b's equal to zero and performing the integration, we have (for integer n) 



(6.21) 
giving us 

(6.22) I v (u) = det 



— & e bv v n dv 
2m 



n > 



(-n-l)l 



n < ' 



(2fc-l)! 

(^+"i) 2fc - 2 
(2fe-2)! 



V 0! 



(^+»fc) fc -(^+^+i) 2fc - 1 

fc! (2fe-l)! 

(^+" fc ) fc ~ 1 (^+» fc+ i) 2fc - 2 

(fc-1)! (2fc-2)! 



(-l)fc(^ +U2fc )* \ 
fc! 

(-l)"~ 1 (^+»2 fc ) fc - 1 
(fc-1)! 



0! 



(-l) fc " 1 (^+»2 fc ) 1 - fc 



Note that many of the lower matrix entries are zero as we apply the convention that ^ = for 
integer n < 0. 

So, the mollified kth moment with the a's and /?'s set to zero now has the form 



(6.23) 



M k (0,0) 



2fc(2fc-l) , , 

(-l)-V^ d k d k 



Jo 



(k 2 - 1)! du\ du\ k 
xQiv + ^fc+i H 1" u 2 k)P(ri + ui H hat) drf\ ui= ... =U2fc=0 - 
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The differentiation with respect to the u variables is not difficult, but we will now restrict 
ourselves to the case k = 2 where we can write the result fairly concisely. In this case we have 



(6.24) A4 2 (0,0)~I|1 



d 2 



du\ 



(1 - r?) 2 



xQ(r] + u 3 + Ui)P{rj + u\ + u 2 )di] 



( (2^+"l) 3 (^+»2) 2 



x det 



3! 

(^+»i) 2 

2! 
1 



1 





-(^+"3) 3 

3' 
2! 

"(25+^3) 
1 



(2^+"4) 2 \ 

2! 

-(^ + u 4 ) 
1 




=«4=0 



Performing the differentiation leads to 



M 2 (0,0) 



(6.25) +6Q"( V )P"( V ) + ^(Q^^P'iv) +Q\v)P W (r ] )) + -(Q^( v )P"(r,) + Q"(v)P {3 \v)) 
+^(Q (A Xv)P"(r 1 ) + Q"( V )P^(V)) + ^ (3) W^ (3) W 

+ 3^ (Q(4)(r?)P(3)(??) +g(3)(7?)P(4)(r?)) + I^4^ (4) ^)^ (4) (^)) *7- 



Integration by parts gives 



Theorem 6.1. Assuming the ratios conjecture as indicated in I16.8\) . if Q and P are polynomials 
which vanish at and whose first three derivatives vanish at 0, then for any > we have 



^ [ |C(l/2 + it)| 4 M 2 (l/2 + it, Q)M 2 (l/2 - it, P) dt 
1 Jo 

(6.26) = P(1)Q(1) + - e f^ { ^-^- (r,)P'(r,) + Q'( V )P^ (r,)) 

+8(QW( V )P"(i 1 ) + Q"(r i )P {3) m + 1(Q {A) (V)P"(V)+Q"(V)P {A HV)) + ^Q {3) (v)P (3) (v) 
+ J. (Q {4) (v)P {3) (v) + Q {3) (v)P (A) fa)) + ^3 Q (4) fa)P< 4 > fa)) ^ + 0(1/ log T) . 



Remark 6.2. While we don't know which are the minimizing polynomials, with the choice that 
P{x) = Q{x) = x 4 , the right side of $6.26}) is equal to 
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By a similar calculation one can show that with polynomials Pi and Qj satisfying Pi(0) = -P/(0) = 
Qj(0) = Q^.(0) = 0, we have 

- [ T |C(l/2 + it^M^s, Pi)Mi(s, P 2 )M X (1 - s, Qi)Mi(l - s, Q 2 ) dt 
1 Jo 

(6.28) xQx(f + f + Ul + n 2 )Q 2 (f + f + t/i + • • • 

x + C/i, u 2 + U 2 ,u 3 + J7 3 , Ui + U A )\ Ui= ... =Ui=Ui= ... =UA=(j 
+0(1/ log T), 

where 1Z is the subset of [—1, l] 4 for which rji + r\ 2 > 0, rjz + 774 > 0, rji + 7/3 > and i] 2 + rj4> 0. 

Remark 6.3. While we don't know which are the minimizing polynomials, with the choice that 
P\(x) = P 2 {x) = Qi(x) = Q 2 (x) = x 2 , the right side of 116. 28\) is equal to 

68 10 64 2 
(6 9) + 2ie + 3^ + 45^ + 9^- 

6.1. A third power mollification. In the work of Hughes alluded to earlier it is likely that in 
applications to zeros of (,{s) on the critical line the moment 

(6.30) [ \((l/2 + it)\ 2 \M 1 (l/2 + it, P!) + ((1/2 + it)M 2 (l/2 + it, P 2 )\ 2 dt 

Jo 



will need to be evaluated. Here, as at (|6.3|) and (|6.4p . M\ is a mollifier with arithmetic coefficients 
/j(m) smoothed by Pi and 

(6.31) M 2 (s,P 2 ):= ^~ V2 - 

m<y2 

where the fx 2 are the coefficients of 1/C(s) 2 . In order to evaluate this integral we can use the results 
(|5.20p and Theorem 16.1) in addition to these we need to evaluate 

(6.32) I 3 (a,(3,r,Pi,P2) := [ C(s + a)((s + 0)((1 - s + 7 )Mi(l - s, P x )M 2 {s, P 2 ) dt. 

Jo 

Proceeding as usual, 

, fi oo\ T _ \ " Pi,mm\p 2 , n n\ 1 f f y w+z 

{ ' ) 3 ^log m 2/ilog n y 2 (2ni) 2 J {ci) J {c2) z^ 

x r T «s + a)C(s + m i-s^) 

J C ( S + W )2 C (1_ S + Z ) 

By the ratios conjecture, 

Pi, m m\p 2!n n\ 1 f f yfy% ( (a + z)((3 + z)( 7 + w) 2 



(f . M \ j P\,mm\p 2 , n n\ 1 r r 

3 ~ ^log m y 1 log n y 2 (2m) 2 J (ci) J ([ 



( Cl ) J(c 2 ) w^z^iw + z) 2 \ (a + 7 )09 + 7) 

^- a _ 7 (- 7 + z)(/? + z)(-a + W ) 2 _ ^ (a + z)(-7 + *)(-/? + w) 2 > \ , „ , 
(a + 7)0? -a) (a -/?)(/? + 7) ' 
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Taking the limit (Mathematica can be helpful here) as a, (3, 7 — > 0, we have 

Pi, m m\p2, n n\ 1 f f yfy™ 



(6.35) h~Tj2 



log m yx log n y 2 (2vri) 2 J (ci) J {c2) z m + x w n + x (w + zf 
((w + z) 2 + w 2 zL + 2u>z 2 L + w 2 z 2 L 2 /2) dw dz. 

The contribution of the (w+z) 2 term at the beginning of the brackets above is Pl(1)P2(1)j essentially 
using (|5.57|) . For the rest of the terms, we write, using (|6.10|) . 

(6 - 36) ^TW= ( W + Z y ={yi/y2) I u log n-- 

The integral over w is unless u > 1; the integral over z is unless uy\/y2 > 1; this inequality is 
weaker than the requirement that u > 1, since, in general y\ > y 2 . In this way, we see that 

(6.37) /, ~ t( ft(l)ft(l) + T f - f , P[ ( ^St) PS ( p± 

V J 1 \logyilog 2 y 2 \ log 2/1 y V lo gy2 

2L p „ / log£\ p/ / logn 
log 2 y\ log y 2 1 \ logS/i J 2 \logy 2 

+ 2 L2 2 ff ( ^St) p:i (JSUL I I log — * 

2 log^ yi log^ y 2 y log yi J \ log y 2 J J u 
With a change of variables u = y%, and with yi = T 6 * 1 , y 2 = T 6 * 2 , we see that 



!I2 



Theorem 6.4. Let I3 be as defined in 116. 32\) . Assuming the ratios conjecture as indicated in (6. 8\i . 
if P\ and P 2 o- r ^ polynomials which vanish at and whose first derivatives vanish at 0, then for 
any 9 > we have 

(6.38) 13(0,0, 0;Pl,P 2 ) = 1^(1)^(1) + J {j?'^ 1 + C 1 ~ vWhWiv) 

no 

+ -jj 2 P?(i + (i-r J )e 2 /e 1 )P 2 , (v) 

+^2 P "( 1 + C 1 " V)Q2/0i)P%(vf) (1 - »7) dr? + 0(1/ log T) 



7. Discrete moments of the Riemann zeta function and its derivatives 



So far in this paper we've considered integer moments. Another kind of average which gives 
useful information about the distribution of zeros is a discrete moment summing the zeta function, 
or its derivatives, at or near the zeros. 

In the 80's Gonek [20] , assuming the Riemann Hypothesis, proved, amongst much more general 
results, that 

(7-1) YI lC'(p)| 2 = ^log 4 T + 0(Tlog 3 T), 

1< 7 <T 
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where p = 1/2 + 27 is a zero of the Riemann zeta function. 

Hughes, Keating and O'Connell used the analogy with random matrix theory to propose the 
following: 

Conjecture 7.1 (Hughes, Keating and O'Connell [23]). For k > —3/2 and bounded, 
(7-2) £ \('(h + ^n)\ 2k ~f S^^)(logT)^ +2 ) +1 

as T — > 00, TOi/i 

p m =o v v y / 

//ere G(fc) is i/ie Barnes G-function. 

While the above conjecture produces the leading order terms, it was previously not known how 
to obtain lower order terms for the moments of |C'(p)|- I n the first two subsections we consider the 
second and fourth moments of |C'(p)| ; an d in the last subsection the second moment of \£(p + a)\. 
Using the ratios conjecture we show how to obtain all of the lower-order terms for these averages. 

Note that Hughes [22] has conjectured using random matrix theory 
Conjecture 7.2. 

(7.4) IC(P + 2^alog- 1 l))\ 2k ~ ^-G\k + 1)/G(2fc + 1) a(k) F k (2n a) (log rf +1 , 

0<1n<T 

where 

(7.5) F k (2x) = ^(xJ k+1/2 (x) 2 + xJ k _ 1/2 (x) 2 - 2kJ k+ y 2 (x)J k _ 1/2 (x)). 
Here J k is the usual Bessel function. 

7.1. Second moment of the derivative: X^k 7 <t IC^/ )! 2 - I* 1 this section we will show how to 
use the ratios conjecture to reproduce the result of Gonek (|7.ip and to derive all the lower order 
terms. 

The first step is to write the sum over zeros as a contour integral 
(7-6) £| CV)P= ^/ c |M (W(1 _^, 
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where the contour C has corners c, c + iT, 1 — c + iT and 1 — c, with 1/2 < c < 1. The integrals 
along the horizontal sides of this rectangle can be neglected, and so we look first at 



(7.7) 



c+lT C'(z) 

y%'WC'(l - z)dz 

•> / T 7r^c / (c + ^K / (i-c-^ 

27r y C(c + «i) 
d d d 1 /" T C(c + ^ + /?) 



1 
1 



d/9 d7 2tt 



((c + it) 



xC(c + it + 7)C(1 -c-it + 5)dt 



( 3= 7=( 5=0 



Now we follow the recipe for computing the ratio of zeta functions in the integrand. As in Section 
[II we replace zeta functions in the numerator by 



(7.8) 



COO 



E E ^ 



Z7T 



Z7T 



and zeta functions in the denominator by 
(7.9) 



1 



E 

71=1 



/z(n) 



Since each of the zeta functions in the numerator is replaced by two sums, when multiplied out we 
have a total of eight terms in the integral. Considering the term involving the first term from each 
approximate functional equation, the resulting sum is 



(7.10) 



E 



hmn- 



m l/2+/3 n l/2+ 7/l l/2^1/2+5 



y _ 



H(h) 



h/3+<5 n l+7+5/jl+5 

h,m,n 

_ C(l + /? + <5)C(l+7 + ^) 

C(i + *) 

Of the eight terms in the integrand, only those with the same number of x factors resulting from 
Q{z) as from £(1 — z) will survive. This means the recipe implies two further terms, and using (|2,9p . 
we have 



Ir 



(7.11) 



d d d 1 

dpdyd52^ 



• ^ C(l + /3 + J)C(l + 7 + J) + t s ((l-s-0)«l + -t-i3) 

2tt 



CO- + 8) 
, C(l + /3-7)C(l-^-7) 
C(l-7) 



;i + o{t-2 +e ))dt 



C(l-/3) 



/3= 7 =5=0 



Id 
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We now consider the contribution from the other side of the contour of integration: 



(7.12 



Replacing z with 1 — z, we have 



(7.13) 



2m 



■1 



1-c+iT 



C(z) 



C(z)('(l - z)dz. 



2m J c _ iT C(l-z 
Differentiating the functional equation gives us 



^' " Z \'{l-z)C(z)dz. 



(7.14) 
and so 
(7.15) 



C y' C 

i. l-^ =- 0--* -7 (*), 
C x C 



-l 

2ni 



^-4c'(i - *)C(*)d* 



+ 



1 

2ri 



Here the first integral can be shifted over to the ^-line, while the second one is just the complex 
conjugate of I r , already calculated in (|7.11|) . In addition, we can use 

(7.16) X (s) = (i-)V2-v'+-/4 (1 + 0(1)) 

to approximate x'/x(l ~~ z ) with — log Thus we have 

2Jr + ^[ lo s h IC'(i/2 + it)\\i + ocr 1 ))^ 

2I r + ^^^£ log 27F C(l/2 + it + a)C(l/2 - it + + O^- 1 ))^ 
jf T log X (((I + « + /?) + (^)- Q " /3 C(l - a - 0)\ 



E K'(p)I 

(7.17) 



a=/3=0 



2J r + 



d d 1 /" T , 



da d/3 2ir 



{l + 0{t- l / 2+e ))dt 



a=/3=0 



where the last line is a further application of the ratios conjecture (or in this case the simpler 
moment conjecture [10]) similar to that in Section [TJ 

Using (|7.1ip for I r , it is now necessary to carry out the differentiation and take the limits as 
a, P, 7 and 5 tend to zero. This results in a polynomial in log j-. If we write 



(7.18) 

then the final result is 



>/-i . \ 1 . 72 2 73 3 

C(l + s) = - +7 -7i« + -y s ~3\ s 
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Theorem 7.3. Assuming the ratio conjecture as indicated in (7.11), we have 

T ( 1 i 4 t 7 . q t , 7 2 7k, 2 t , 7 3 5771 72 . , i 

log 4 h — log' 3 h (- -) log 2 f- — I — + — ) log 

V24vr S 2vr 3vr S 2^ V 2vr tt ; S 2^ l f 1 2i j 8 2i 



+^ + + M + *™ + ) (1 + 0(t -i/^ ))cft 

7T 7T 7T f «/ 

(7.19) = ^- log 4 T + 0(T log 3 T). 

Remark 7.4. T/ie leading order term of the above agrees with Gonek's result |7. 1\ ). It is possible 
that Gonek's methods could prove the theorem conditional only on the Riemann Hypothesis. Also, 
Pokharel and Rubinstein have checked this numerically. 

Remark 7.5. Since the original version of this paper appeared on the archive, Milinovich has used 
Gonek's method to verify all the main terms above. He also remarks that this result can probably 
be obtained from a theorem of Fujii. 

7.2. Fourth moment of the derivative: ^ 7< y |C'(/°)| 4 ' Higher moments are more difficult 
because of complicated arithmetic contributions. Unlike the case of the fourth moment of the zeta 
function itself, 

fT 



(7.20) ijT \ai+it)\*dt 

= ^/ T ^log 4 ^ + ^(7- 2 -3C'(2))log 3 ^ 
J 



+ ^ (-487C'(2)vr 2 - 12C"(2)vr 2 + 7 7 V + 144C'(2) 2 - 2 7 ivr 4 ) log 2 £ 
+ ^ ( 67V - 847 2 C'(2)vr 4 + 24 7 iC'(2)^ 4 - 1728C'(2) 3 + 576 7 C'(2) V 



+ 288C'(2)C"(2)vr 2 - 8C'"(2)7r 4 - IO^tt 6 - 72^ - 48 7 C"(2)vr 4 ) log £ 



+ -^T ( - I2c""(2)n-" + ^i(>7>^!2)7^ , ' + 9- -f 2 .1. 7 j tt n + I*V'(2) 2 tt 



+ 34567C'(2)C"(2)^ 4 + 30247 2 C'(2)V - 36 7 2 7i^ 8 - 2527 2 C"(2)vr 6 
+ 37727T 8 + 727iC"(2)vr 6 + 3607i7C'(2)tt 6 - 2167 3 C'(2)vr 6 

- 864 7l C'(2) V + 5737T 8 + 576C , (2)C w (2)vr 4 - 20736 7 C'(2) V 

- 15552C"(2)C'(2) V - 967C'"(2)7r 6 + 62208C'(2) 4 J dt + o(l) 



(7-21) = I ^ylog 4 r + 0(log 3 T) 

(from the moment conjecture formula of [10] and also implied by [21]), the fourth moment of the 
modulus of the derivative involves arithmetic factors that are more complicated than derivatives of 



1<> 



J.B. CONREY AND N.C. SNAITH 



the zeta function at 2. In the following we calculate the first four leading order terms, demonstrating 
where the first of these new arithmetic factors appears. 

As for the second moment, the first step is to write the sum over zeros as a contour integral 



(7.22) 



E 

7<T 



2ni 



c 



with the contour C running from c to c + iT, 1 — c + iT and 1 — c. The horizontal integrals don't 
contribute significantly, and so we define 



Ir 
(7.23) 



d d d d d 1 f T ({c + it + a) 
da dp dj d5 de 2ir J Q C( c + it) 

x((c + it + /3)C(c + it + 7)C(1 - c - it + 5)C(1 - c - it + e)<ft 



a=/3=7=5=e=0 



The sum resulting from taking the first half of each approximate functional equation is 



(7.24) 



E 



mim2m3h=nin2 1 

Here we note that if we let 7 = we obtain the sum 

1 



1/2+Q 1/2+p 1/2+7 



m 



1/2+5 1/2+e 



(7.25) n e 



E M(P* 



p (l/2+a)mi + (l/2+ / 3)m2 + (l/2)c+(l/2+5)ni+(l/2+£)n 2 
p mi+m 2 +c=ni+n 2 m3+h=c 

The final sum is zero unless c = 0, and thus the whole expression reduces to the corresponding 
sum that results from applying the ratios (or moments) conjecture to the fourth moment of zeta, 
i / T ((l/2+it + a)((l/2 + it + (3)((l/2-it + 5)((l/2-it+e)dt, which itself produces the arithmetic 
contribution l/£(2 + a + (3 + 5 + e) observed as the factor 1/C(2) in the leading order term of (|7,2ip 
(see for example [10]). 

We keep this in mind as we continue with the sum in (I7.24p . This sum can be written as an 
Euler product, and we can pull out the divergent terms in the form of zeta functions: 



T(a, (3,^,6, e) 



C(l + a + <5)C(1 + a + e)C(l + 13 + <5)C(1 + 13 + e)C(l + 7 + <$)C(1 + 7 + e) 



(7.26) 



n 



1 



pl + a + A )(1 pl + a + t )(1 pl + fi + A )(1 



C(l + «5)C(l + e) 
1 1 )(1 



rFFFR )(1 - d i+7+e 



(1-^)(1 



1 



E 



p(l/2+a)mi + (l/2+/3)m2+(l/2+7)m3+/i/2+(l/2+<5)ni + (l/2+e)n 2 



APPLICATIONS OF THE L-FUNCTIONS RATIOS CONJECTURES 47 
With the remaining terms from the approximate functional equations we have 

+ ( i. ) -a-^- er( _ (5) _ £> 7j _ Qj + ( i_)-a-7-«- eT( _ 5> / g j _ £j _ a> _ 7) 

(7.27) +(±)-^-7-«5- er (a, -5, -e, -/J, - 7 )di I + 0{T^). 

Z7r la=/3= 7 =,5=e=0 

The most concise way to write the ten terms in the integrand above is as a contour integral (as 
described in [10]). So, we have that 

/B = d d d d d ]^I(M M _^ e) i f T i r / M(M (zi+ , +23 _,_ Z5) 

H dad(3d-fd5de 2vr J 3! 2!(2™) 5 J J 

(7.28) x . T(^ Z 2,z 3 ,- Z4 ,-z 5 )A( Zl ,...,z 5 r ^ _ dz5df + 0(T i/2 +£) _ 

H j=1 (zj - a)(zj - P)(zj - j)(zj + $){zj + e) 



With the formulae 



(7.29) 



and 



(7.30) 



d e 



-a<5 



5=0 "J- 1 J \ r- 
the differentiation can easily be performed, to yield 



lR = 3f2i^/-/ 



lQgt/(27T) 



logt/(27r). 

(7.31) xe 2 (zi+z2+z 3 -z 4 -z 5 ) dzi ... dz ^ dt + ( T i/2+6)_ 
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For the contribution from the other side of the contour of integration we have, following the same 
method as for the second moment, 

II = ^- C ^lc'(z)c'(i-z)c'(zK'(i-z)dz 

(7.32) = ^ T (log^ + 0(l/(t + l))) \C(± + it)fdt + I R 

= lR + TaT^H f ( log h + + 1))) C(l/2 + « + «)C(l/2 + <* + P) 

C(l/2 - it + 7)C(l/2 - *t + <5)<ft 

a=/ 3=7=(5=0 

The most concise way to write the six terms that will result from applying the ratio conjecture 
(actually in this case there is no denominator so it is just a moment conjecture) to the fourth 
moment of Q in the last line above is as a contour integral similar to (|7.28p (as described in [10]). 
So, we have that 



2tt J ° g ^2! 2! (2 



dad(3d~id5 2vr J & 2?r 2! 2!(2vri) 

r r log*/ 1 
(7.33) x <*•••<* e 2 



]2Eiim (zl+Z2 _ Zi _ Z4) c(i + gi - z 3 K(i + gi - g4xa + * 2 - z 3 )c(i + ^ - g4) 



A(zi, . . . ,z 4 ) 2 



U 3 =i(zj ~ a){zj - (3)( Zj + i)( Zj + 5) 
Now we use the formulae (]7.29p and (|7.30j) and arrive at 

1 f T 1 

II = Ir + ^ / log * 



C(2 + z\ + z 2 - z 3 - z 4 ) 
dz 1 ---dz 4 + 0{T^ 2+€ ). 



x 



2vr y 6 2n 2\ 2!(27ri) 4 

C(l + Zl - Z 3 )C(1 +Z1- ^4)C(1 + ^2 ~ g3K(l + -?2 - g4) 

C(2 + z 1 + z 2 - z 3 - Z4) 

i \ 2 / , \ 2 

A(Zj, ■ ■ ■ , Z4)' 2 I lo g t/(27r) _ 1 1 I logf/(27r) 



V -L I I log*/(27T) \ - 1 



logt/(27r). . 

(7.34) xe 5 (zi+z 2 -z 3 -z4) i dzi ... dz4 + o(T l ' 2+e ). 

We now compute the residues at Z\ = z 2 = Z3 = Z4 = Z5 = of the contour integrals in (|7.3ip 
and (|7.34p (using Mathematica) . If we write 

(7-35) C( i + s) = I +7 _ 7lS + | s 2_| s 3... ) 

then the final result is 
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Theorem 7.6. Assuming the ratios conjecture as indicated in there are constants Co, ■ ■ . ,C% 

such that 

2tt 



^ {P)l 2itJ V8640C(2) 480C 2 (2) 

(7 7 2 C 2 (2) - 2 7 iC 2 (2) - 8 7 C(2)C / (2) + 4(C'(2)) 2 - 2C(2)C"(2)) log 7 ^ 

120C 3 (2) 

+C 6 log 6 t- + ... + C jdt + 0{T 1 ' 2 ^) 

^ = ^Mm +0{TlogSn 

This leading term agrees with Conjecture 17.11 of Hughes, Keating and O'Connell [23]; since 
G 2 (4)/G(7) = 8640 and a(2) = l/£(2), we see that there is agreement between the leading order 
term of (|7.36p and the conjecture in the case that k = 2. 



The first three terms in decreasing powers of logT, shown in (|7.36p contain only arithmetic 
factors that are derivatives of the Riemann zeta function evaluated at 2. This is not true of the 
(logT) 6 term. We can see that this will be the case by the comment after (17.25j) . The arithmetic 
factor which forms part of T(a, 0, 7, 5, e) in (j7.26j) . 

A(a, (3, 7, S, e) 



(7.37) = n 



(1 pl + a + d )(1 p l + a + e)( i pl + P + t> ')(^ p l + P + e){^- pl + 7 + 4 ' ) ( ^ pl+Vn , 



(1 _ pTT3")(l ~~ pTT?) 



2^ j,(l/2+a)mi + (l/2+/3)m 2 +(l/2+7)m 3 +V2+(l/2+5)ni+(l/2+e)n2 

mi +m2 +rrt3+h=ni +ri2 

expands Taylor series 

(7.38) A(zi,z 2 , z 3 , -Z4, -z 5 ) = A + A x (zi + z 2 + z 3 - z 4 - z 5 ) 

+A 12 {-ZiZi - ^4 - 2 3 2 4 - Z 1 Z 5 - Z 2 ^5 - Z 3 Z 5 + Z 2 + ^3 + Z 2 Z 3 + ^5) 
1 / 2 1 2 1 2 1 2 1 2\ 

+— (zj +z 2 + z 3 + z 4 + z 5 ) 

+Ai2a{-z\z 2 z a - ZlZ 3 Z A - z 2 z 3 z 4 - ZlZ 2 Z 5 - ZlZ 3 Z 5 - z 2 z 3 z 5 + (zi + z 2 + z 3 )z 4 z 5 ) 
+A l23 ziz 2 z 3 

H — 2^(4(^1 + ^2 + z 3 - z 5 ) + z|(zi + z 2 - z A - z 5 ) + z 2 (zi + z 3 - z 4 - z 5 ) 
+z\(z 2 + z 3 - z 4 - Z5) + (zi + z 2 + z 3 - z±)zl) 

+ + Z 2 + *3 - *4 - 4) + • • • , 

where Aj is the partial derivative, evaluated at zero, of A(z\, z 2 , z 3 , z±, £5) with respect to the 
jth variable. Note that A is symmetric amongst the first three variables, and amongst the final 
two variables, so for example A± 2 = dA ( Zl ' Z2 < z 3' Zi > z s) I _____= A\ 3 = A 23 . In addition, we 

(JZ\ UZ^ I Z\ — ^2 — Z$ — .24 — -2 5 — U 
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noted at (17.251) that A(a, j3, 0, 5, 7) is just the same as the arithmetic factor from the fourth moment 
ofzeta, i J T C(l/2+it+a)C(l/2+it+/?)C(l/2-it+5)C(l/2-^+e)dt, that is, l/C(2+a+^+<5+e). 
Therefore all the partial derivatives of A in (|7,38p can be computed by taking partial derivatives 
of 1/C(2 + z\ + Z2 + z± + z$) except for the derivative ^123 = Q z fg^Q Z3 1 which involves all of the 
first three variables and gives a contribution that is not expressed as a derivative of C(2)- This 
contribution shows up first in the log 6 T term. 



7.3. A second moment: J^o<7<T K(/ 9 + a )| 2> I n [18] A. Fujii generalizes work of [20] and proves, 
under the assumption of the Riemann Hypothesis, the following theorem. 



Theorem 7.7 (Fujii [18]). Assume the Riemann Hypothesis is true. IfT is sufficiently large and 
a is a real number such that \a\ <C logT, then 



(7-39) |C(| + i(7 + 2W log B)\ 2 = (l " (^) J £ log 2 T 



, 1 ^ n ,sin27ra _ /C'A . 2vra \\\ T T 
+2 -1 + 7 + (1 - 2 7 )— + 5ft [2- 1 + t log 



2vra V C V log(T/2vr) J J J 2ir 2ir 

+G {T, a) +0(VT log 3 T), 



where 7 is Euler's constant and G(T,a) = 0(T) is explicitly given. 

The ratios conjecture can reproduce this result in a straightforward way. 

First we write the quantity we want to calculate in a form in which we can apply the ratios 
conjecture: 



(7.40) 
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Now we follow the identical method to that described in Section 17.11 and so obtain 
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£ |C(p + a)| 2 = lim 

0<7<T 



d 1 [ T Q{1 + a - a 2 )C{l + ai - a 2 ) 



da 2-7T J C(l _ a 2) 

t Y a+a2 CO- + «2 - a)C(l + ai - a) 



+ 



2vr / C(l - a) 



, ^\- ai+a2 C (i + a - ai)C (i + Q2 - ai ) ^ 
C(l-ai) 1 



o=0 



+ _d 1 /- T C(l + a + ai)C(l-a 2 + ai) 



da 27r Jq C(l + a i) 



2vry C(l-a) 
/^y 2 -«i C(l + a + a 2 )C(l-Qi+a 2 ) , 
+ W C(l + 02) Uo 

+ 2^/ l0g ^ ^( 1 " a 2 + ai) + (J^j ((l- ai + a 2 )\dt 

+0{T 1 ' 2+e ). 

Performing the differentiation and setting a = 0, we have 

2w IC(/5 + a)l = a^a^X W C(1 + ° 2)C(1+ai) 



0<7<T 



+ , i V ai+a2 C'(l-ai)C(l + a 2 -ai) 



2vry C(l-ai) 

+ c-( 1+0 ,)ca- r+ai ) _^- c(1 _ oi)c(1 _ 02) 

t \ °2— 11 C . (1 + a2)C(1 _ ai+a2 ) 



27ry C(l + aa) 

log^ K(l-«2 + ai)+ f^] CCl-ai + aa)) <ft 



+0(T 1/2+ ' 

To perform the limit, let ai = a and a 2 = a + s. Then 



(7.43) limC(l-s)+ — C(l + «) = log^ + 2 7 , 



' v ' V 2vr 



t 
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and 

(7 .44) lim C'(l-a-*)C(l-«) + ft\ s C'(l - a)C(l + s) 



s^o ((1-a-s) \2-kJ C(l-a) 

(log « +27) Ql^ + c"a-«) (C(i-«))= 



C(l-a) C(l-o) C ! (l-o) ' 
Thus, assuming the ratios conjecture as indicated in (|7.1ip . we have 

(7.45) £ |«, + .)|> = ±^ T „o g X +27) ( logi + f^ + |i±^ 



0<7<T 



, c 7/ (i-«) , qi+q) fc'(i-a)v rc'(i+«: 



C(l-a) C(l + o) VC(l-a); VC(l + a 
^) C(l + a)C(l + a)- ((1 - a)((l - a) dt 



2ir y ' v ' V 27r 

+0(T 1 / 2+e ). 



This result matches up exactly with Theorem 17.71 see in particular the bottom of page 66 in [18]. 

If we now let a = 2-7rzalog _1 then for large T we can use the first few terms of the series 

C(l + s) = ^ + 7 — 7is + 72^- + -- -, as well as the similar expressions for the derivatives and inverse 
of £(1 + s), and perform the integration over t to obtain a more standard expression for the leading 
terms: 

(7.46) + 2Wog- 1 £)| 2 

0<7<T 

(/ sin7ra \ 2 \ T ™ T ™ ( sin27ra sin2-/ra \ 
1- hr lo § £ + ^ lQ g£ 2 7 + 47-2 

\ na J I 2ir 2ir \ ira ira J 

T 

H (47 cos 2-7TQ — 2 cos 2ira — 2^ 2 cos 2ira — 471 cos 2ira + 27 2 — 47 + 2) + o(T) . 

2ir 



8. Further connections with the literature 

8.1. Non- vanishing of Dirichlet L-functions. Michel and VanderKam's paper "Non-vanishing 
of high derivatives of Dirichlet's L-functions at the central point" [35] actually is concerned with 
non- vanishing of derivatives of A(s,x), the completed Dirichlet L-functions: 

(8-1) A( S ,x) = (^-Y /2 T(s/2)L(s,x), 

7T 

which satisfies 



(8.2) 



A(s,x) = e x A(l-s,x)- 
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They use mollifying techniques to give a lower bound for the frequency of A^ k \l/2,x) / as x 
ranges over primitive characters modulo q. They find (a) that using a mollifier with two pieces 

H{m) (x(m) + {-l)%{ X )x(m)) P (igf 

(8.3) M fc (l/2, X ):-^ 



is more efficient than the conventional mollifier 

(j,(m)x(m)P f 

(8-4) M fc *(l/2,X):=£ ^ <*" , 

in fact for A(l/2, %) (no derivatives) they find that asymptotically 1/2 do not vanish, improving 
work of Iwaniec and Sarnak [25] who had 1/3 in place of 1/2 here. They also prove (b) that when 
mollifying the high derivatives of A, the proportion of non-vanishing of the kth derivative can be 
shown to approach 2/3 as k — ► oo, and that to obtain this result it is critical to use the general 
mollifier. 

In this section we use the ratios conjecture to reproduce the asymptotic formulae of [35]. In 
addition we indicate how one can show that the proportion of non-vanishing for L^ k \l/2,x) does 
approach 100% as k — > oo for this family. 

Rather than work with the Dirichlet L-functions, we find it convenient to work with the Riemann 
zeta-function in t aspect; they are both unitary families, so the results will be identical. For the 
analogue of the A^ k \l/2,x) function we will use the function 

(8.5) X (s) l/2 Z {k) (s), 
where 

(8.6) Z(s) = x(s)- 1/2 C(s) 

is a complex analogue of Hardy's Z(t) function. This is appropriate because the ^-function asso- 
ciated with L(s, x) is 

(8.7) Z(s, X ) =e^ 2 A(s, X ), 
so that 

(8.8) PS k \s, X ) = e]/ 2 Z^{s,x)- 

Note that x ls used in two different roles here; recall that x( s ) 1S the factor from the functional 
equation of the zeta function, see (12. 3p . and it plays the role of e x . 

The analogue of the quantity considered in [35] (in Section 7 of that paper) is 

(8 9) X- L 

J T Z( fc ) (s)Z( k ) (1 - s)M{s)M{l -s)dt 

for a two-piece mollifier. However, here we will illustrate the calculation with the conventional 
mollifier 

(8.10) M{s) = M(s,P) = v{m) P {\og{y /m)/ log y)/m s . 
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The object is to choose P is such a way that this ratio is minimized. 
Since 

1/2-a 



(8.11) 

for t > 1, we have 
(8.12) 



with I = log jjjp. Hence, 



xO) 



2vr J 



:i+o(i/t)) 



ds 



(x{sr l ' 2 ) = f -x{s)- 1/2 {i+o(i/t)i 



(8.13) 



X 



» 1/2 2 (fc) (a) = (J-)* e a£ / 2 as + a)(l + 0(l/t)) 



a=0 



Thus the integral in the numerator can be evaluated by considering 



k r T 



e ae/2 ({s + a)M{s,P) dt 



o=0 



^y Te aL/2p (1) 

da ) 



TP(l)2- k L k 



o=0 



where L = logT. (The ratios conjecture gives ^fesj df ~ T.) The denominator is, by (15.2QH 



and after rescaling a = a/L,(3 = b/L, 



TL 



2k 



d 



da I \db 



d 



,(a+b)/2 



x P(1 f + ldd_ aew _ bez 



' dw dz 



f [ e- {a+b)u P(w + r)P(z + r) dr du ] 
Jo Jo u,= f = ° / 

a—b—O / 



TL 



2 k 



+ 



.15) 



TL 2k 

TL 2k 



m 2 

2 2k 

1 d d 
9 dw dz 

P(l) 2 1 



2 2k 9 



J P{r + w){l/2-u-9w) k P{r + z){l/2-u-9z) k dr du^j 
(p'{r)(l/2 - u) k - k9P(r)(l/2 - u) k ~ 



w=z=0 



Jo 

1 plf^\2 



dr du 



P(iY + 



1 f L P'{r) 



9 J n 2k + 1 



dr + 49 



i u2 



k 2 P{rf 
2k -I 



dr 



This corresponds to the evaluation of Q\, accomplished in equation (17) in [35]. Note that A = 29. 
Thus, the ratio dHZHD is 

P(l) 2 



3.16) 



If A; = we take P(r) = r and 9 = 1/2 and deduce that at least 1/3 of L-functions do not vanish 
at 1/2. This is the result of Iwaniec and Sarnak [25]. For large k if we take P(r) = r k we see that 
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this ratio is 

(8 ' 17) ~ i + (h a 

which is 1/2 when = 1/2. 

In general if A, B > 0, the minimum of A Jo P'(x) 2 cix + P Jo P(x) 2 cfe over smooth functions P 
satisfying P(0) = and P(l) = 1 is AP'(l) and is achieved by P(x) = (sinh yf B / Ax) / [smh. y/B/A). 
So the optimal choice for (|8.16p is 



\ sinh(Ar) „, 2k + 1 

as in [35]; however, this still gives that the ratio is 1/2 + 0(1/ k 2 ). 

Next we explain the use of the two part mollifier in the case that k = 0. For this, we consider a 
mollifier of the form 



(8.19) M(s,P,a):=J2Kn)p(^) 

n<y 

and we want to maximize the ratio 

(tf(( s )M( S ,P,a) dt W 

(8.20) — ^ 



Jo C(s)C(l - s)M(s, P, a)M{\ - s, P, a) dt 
The key things to observe here are that, with M(s,P) as in (|8.10p . 

(8.21) f C(s)x(l - s)M(l -s,P) dt= [ C(l - s)M(l - s, P) dt ~ TP(1) 

Jo Jo 



and 



(8.22) f T C(a)C(l - s)M(l - s, P) X (1 - s)M(l - s, P) dt 

Jo 

= [ C(l" s) 2 M{l- s,P) 2 dt 
Jo 



Thus, the ratio is 
(8.23) 



P(1) 2 T. 

(l + a) 2 P(l) 



(1 + a 2 ) (P(l) 2 + | ft P'(t) 2 dt) + 2aP(l) 2 

The optimal choices here are P(r) = r and a = 1; for = 1/2 this gives a ratio of 1/2 as claimed 
in [35]. 

To handle high derivatives of L(s, x) at s = 1/2 we consider, by analogy, high derivatives of C(s). 
The trick is to insert a factor of x( s ) an d to ask about the non-vanishing of 

(8.24) X ( S )C«(l-s). 
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Thus, we want to maximize the ratio of 

2 



(8.25) 
Now, 



(fvX(s)C (k) (l-s)M(s,P) ds 



fi\x(s)(W(l-s)M(s,P)\*dt 



(8.26) ( {k) (l-s) = (pj\(l- s K( s ) = Y J ( k )(-iyx {j) (l-s)&-i\s) 



(8.27) = X (l-s)\J-j e^s + a) _ 
Thus, the numerator is 

(8.28) ~ (TP(l)L k ) 2 . 

The denominator is evaluated optimally in [14] and is T\P(l)\ 2 L 2k (l — 0(l/k 2 )). Applying this 
method to L(s, x) it can be deduced that there is a constant C > such that the proportion of 
L^(l/2,x) which vanish is smaller than C/k 2 . 

Remark 8.1. Michel and VanderKam [35] give a nice explanation at the end of Section 2 of 
why one cannot expect to do better than 1/2 non-vanishing of PS k \l/2,x) using a conventional 
mollifier and 2/3 using a two-piece mollifier. The reason relies on the symmetry of the approximate 
functional equation for A^ k \l/2, x) an d the uniform distribution of e x . That we can get a proportion 
of non-vanishing of L^ k \l/2, x) approaching 1 as k — > oo does not contradict their argument because 
of the lack of symmetry of the approximate functional equation for (1/2, x) ■ F° r applications to 
bounding multiplicities of central zeros, information about non-vanishing of (1/2, x) is equally 
as good as for A^ k \l/2, x)- 

8.2. Non- vanishing of automorphic L-functions. The main theorem of Kowalski, Michel, and 
VanderKam's paper "Non- vanishing of high derivatives of automorphic L-functions at the center of 
the critical strip" [31] is a mollification of the second moment of weight 2 primitive cusp forms of a 
prime level. The formula achieved is slightly different than the result we mention above (Theorem 
15. 3p for mollifying the second moment in an orthogonal family. The reason for this is that they use 
a slightly different mollifier. Instead of choosing a smoothed sum of the coefficients of the inverses 
of the Dirichlet series in question they choose a mollifier of the shape 



(8.29) 



where A/(n) are the coefficients of the L-function which is to be mollified and where ip(n) 



rip|n + pj ■ The analogue of our Theorem 15.31 has the right side replaced by 

(8.30) 1 ((Q(l)P'(l) + 0Q'(l)P(l)) 2 + j\p"(x)Q(y) - 9 2 P(x)Q" (y)) 2 dx dy 

This result, which is not deducible from our ratios conjecture, was reported in the paper of Conrey 
and Farmer [8] as the general result one would obtain from mollifying a second moment in an 
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orthogonal family. We wish to correct that statement and replace it with the statement of Theorem 

E3 

8.3. Non-vanishing of quadratic L-functions. The papers of Soundararajan and Conrey & 
Soundararajan deal with non-vanishing of Dirichlet L-functions for real quadratic characters, at 
the central point and on the real axis. The results of Theorem 15.21 are consistent with the results 
of these papers [40,15]. 



9. Conclusion 



The purpose of this paper was to illustrate the use of the ratios conjectures by deriving from 
them a number of important results from the theory of L-functions. The variety of applications 
is by no mean exhausted by what we have presented. Other calculations that might be valuable 
include lower order terms in moments of S(t), log |C(l/2 + it)\ and S(t + h) — S(t). For the second 
moment of S(t) the lower order terms have already been computed by Tsz Ho Chan [6], while lower 
order terms of the second moment of S(t+h) — S(t) have been considered in [1]. Precise evaluations 
of n-level correlations might be combined to obtain the secondary terms in the nearest neighbour 
spacing distribution for the zeros of the Riemann zeta function. In [39], the leading term in the 
n-correlation function is calculated for a restricted space of test functions, but for essentially any 
L-function. Ratios conjectures could also be used to evaluate possible schemes to improve lower 
bounds for proportions of zeros on the critical line. 
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